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Attention, Awareness, and Attitude
as sources of Differences between
Teacher Educators, Teachers & Learners

Abstract

My aim in this chapter is to probe beneath theagfof the, to me self-evident
stance, that teachers cannot ‘do’ the learninddfamers. It is convenient, for
the differences | wish to highlight, to use themtdearnerto refer to students
of mathematics being taught by teachers who themsehay or may not be
influenced by teacher educators. Of course, attang both teachers and
teacher educators may be learning mathematics ane. m shall develop and
use the constructs and discourse of attention, eaveas and attitude to draw
attention ¢ic) to differences between the experiential statesteafcher
educators, teachers and learners and betweenrttie &f actions they initiate
in their respective communities of practice. Theppse of these distinctions is
to highlight the developmental process of what I caathematical being
which is the basis for and which informeing mathematicalith and in front
of others.

Rationale

Despite attempts to the contrary, teachers caniadertearners learn, nor can
they do the learning for their learners. Authorstefts may provide tasks,
exposition and examples intended to promote legrraind teachers may select
tasks and interact with learners working on th&gaklowever, none of these
can ensure learning, and when conceived of as ptiegn to provide
guarantees, are doomed to failure or at best,gbaticcess. It seems patently
clear that what teachecan do for learners, indeed perhaps the only thing the
can actually ddor learners, is to direct learners’ attention. Tthisy do by a
variety of overt and covert means such as pointiighlighting, and stressing,
and by more or less subtle questioning and listeminring activity arising
from work on tasks. By their presence teachersinditectly help learners
maintain their attention where it might wander dren they might otherwise
give up. Through their ‘being’ they can influenlearners, especially when
they are being mathematical with and in front &fithearners.

When teaching mathematics, attention is directechathematical objects,
relationships, properties, and reasoning. It caa be directed to manifestation
of the presence of pervasive mathematical themesl o forms of
mathematical thinking, in the form of heuristicseuof natural sense-making
powers (Mason & Johnston-Wilder 2006) and habitsiofd (Cuoco 1996).

When working with teachers, attention can be dé®do mathematics, as
with learners, but also to choices involving the wé pedagogical strategies
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and didactical tactids and how those choices are informed by refereace t
pedagogical constructs which together compriseindtsbns, assumptions,
beliefs and theories about teaching and learningend/ the choices being
attended to match choices being made, there isooanse between what is
practiced and what is ‘preached’: not only ‘walkitige talk’ but ‘talking the
walk’.

When working with teacher educators, attention loardrawn not only to
mathematics and to mathematical pedagogy, but #bsctheories and
constructs, and to ways of working with both teashend learners through
different modes of interaction consistent with #dkeories and constructs,
thus ‘practicing what is being preached’. In eatthation, attention may be
drawn to actions which are being carried out wisskr or greater awareness,
so that in the future the person might become avadra possibility of
choosing actions according to the circumstances@d 998). Overt actions
as observed by others, implicitly or explicitly,rfio practices. By engaging
with and in those practices, individuals become imens of a community of
practice. (Wenger 1988, Lave & Wenger 1991) whictyrpbe local rather than
global (Winbourne & Watson 1998).

However, nothing can be ensured or guaranteésplrfectly
possible to display behaviour without generatinfgatn understanding of
underlying structure. Thus a learner can carrypootedures without being
able to justify, explain or reconstruct them, arhappily, without being able to
modify them appropriately in changed situationgmifarly a teacher can enact
pedagogical strategies and didactic tactics witheuhble to justify, explain or
modify them appropriately, and even without beibtgdo articulate them.
Again similarly, a teacher educator can provideotany discourse about
strategies and tactics without consistency betwieemheory being expounded
and the behaviour being displayed, and withoutlflexresponse to changing
situations.

M ethods

A word about my method of enquiry is in order. Shhapter is not based on
what is traditionally known as ‘empirical studieg), the sense of collecting
data through extra-spective observation of otheplee followed by analysis
consisting of classification. Rather, it draws upog sometimes systematic
observations of my own experience with myself andemv working with
others. These provide the background for contetioplaof that experience,
leading to the identification of phenomena, ancerafits to find some
informative organisation for them. The phenomenasixt of similarities
perceived by me in my interpretations of my obstove of disparate events.
Theoretical constructs are then used to organisacterise, and account for
these phenomena (Mason 1991, Hewitt 1994, Masor?)20%s far as this
exposition goes, the significant ‘data’ consistesents and incidents which
come to your mind while reading, as resonatediggered by what is read.
However, to begin with phenomena would, for theppses of this chapter,
involve me in recording a large number of incidemtséch would exhaust both

L T use didactic tactics to refer to topic or concept specific pedagogical
actions, reserving pedagogic strategies for actions which can be used in
several or many different topics.



Being Mathematical With and In Front of Learners
the space available and the reader, before getiilagy analysis. Therefore |
have elected instead to use only a few phenomeillagtrate points from the
emerging analysis.

My analysis is based upon three aspects of humpariexnce which | have
been pondering for a very long time: the structané role of attention, the
nature of awareness (both conscious and unconsaapéicit and implicit),
and the influence of attitude (including intentiand all aspects of affect) as
manifestation of will. What makes mathematics etlooaso frustrating yet
intriguing is that people’s behaviour is, despitgtims to the contrary, rarely
rational (in the sense of logically deduced fronlidie or dispositions; see
Bennett 1964, Ngrretranders 1998). Nor is behavieuer simple, so
rationalising observed behaviour by recourse tooriee is at best an
approximation, and attempts to locate cause-arateffelationships are
generally doomed.

The whole of my analysis, what could be called ttieoretical framework
for this chapter, is based on the ancient metaffhonan psyche as chariot’
which can be found in several of the Upanishadsvetmidh was developed by
Gurdjieff (1950, p. 1192-1200). Plato (Republic4B8ff) uses the setting of
the crew of a ship to portray much the same ideaorg other elements in the
extended analogy, there is an owner, a driverctiaiot itself, horses, reins
and shafts. The chariot can be taken to refehedobdy, whose general state
of repair needs looking after if the chariot isftmction. In the psyche this
includes keeping techniques and skills fluent thgfowehearsal. The horses
can be seen as representing the senses, and nmeralfeas affect including
emotions and feelings. These steeds provide thevenehergy, but are prone
to seeking grass and other delights along the didiee road. They therefore
need directing. The driver does this by meanshef reins attached to the
harnesses, and the response of the chariot is mEdry the shafts. The reins
correspond to mental imagery, which is the meamsams use to guide and
direct their energies towards their goals. The tshabrrespond to habits
manifested through selves which transform motivergy (motivation) from
the horses into patterns of behaviour (movemerthefchariot). The owner
(will) gives the driver general instructions, antlet driver (cognition,
awareness, though these terms need careful elabgrptovides the direction
and guidance needed by the horses. Although lafident that the western
psychological tripartite division of the human plsgdnto enaction, affect and
cognition is based on the Upanishad chariot metadhwave been unable to
trace the origins of this division in western psyidgical literature. Study of
attention (as the manifestation of will) is a ralaly recent phenomenon
although introduced by James (1890). Piaget (1%8B4/) held similar views
of affect as the engine of action.

| have omitted from the title, and from this dission, specific singling out
of the enactive component of the psyche, the bebavinot because it is
unimportant, but because it is enough to work leer¢he three As. Although it
is not, as far as | know, part of the Upanishadsawsider the charioteer and
owner as members of a social milieu influencedheydver-evolving practices
of the community, there is insufficient space tealep this aspect either. The
three aspects of the human psyche being discussed dttention, awareness
and attitude, are human constructs in an attempdetmeate and discern
components of an interactive complex which we gaterally, ‘being human’,
and specifically, ‘being mathematical’. Some awuthohoose to stress the
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social as the source of influence on the individaald in extreme forms, see
the social as the only pertinent entity for edwnal purposes. Some authors
choose to stress the individual as the agent rekporo forces from its social
and physical environment. Neither extreme is &blaccount fully for the rich
tapestry of experience, in which the individual athéé environment are
engaged in a mutually evolving autopoesisself-construction(Maturana &
Varela, 1972; see also James, 1890 and Cobb, 1995).

Attention

Over many years it has become clearer and cleargretthat attention is the
central concern for and of teachers. It came abecduse in every workshop |
did for some 25 years, someone would ask at the“whdre is your accent
from?”. | finally woke up to the fact that peopleere spending time in
sessions attending not to what | was saying omagsliut to my accent. This
led me to questions such as ‘what are learnerqditig to?’, with the
assumption that if they and the teacher are attgntti different things, then
there is likely to be miscommunication at best beeaof litle common
ground, no matter what is taken-as-shared.

Attentionis the manifestation of will, of intention. It it a thing, but its
influence can be inferred, though certainly notesbed, in others. To a
significant but not complete extent,istobservation: it is the medium through
which observation takes place. In a certain s&uae are your attention’, or
‘you are where your attention is’: thus we haveitsabf speech such as “give
me your attention”, “thank you for your attentiorhd the more sarcastic “are
you with us?”. The military command “attention!”iitended to startle people
into a heightened state of wakefulness. These alsafgnal the centrality of
attention in human experience. Of significancehwaittention is not only what
is attended to, but the nature or structure of dli@ntion, as will be developed
shortly. How people attend and how they indicatatthey are attending to
and in what ways, is culturally based, but dirediggersonal propensities and
interests.

In order to be sensitive to what learners are ditento, it is essential to be
aware oneself not only of what is being attendedbtd also how. Without this
it is impossible to make sense of what learnerseaperiencing or reporting
about that experience. What is more, attention a$ a&an all-or-nothing

experience: it has both a macro and a micro strectu

Macro structure of attention

Drawing on a variety of ancient sources, on my @xperience, and on the
results of exercises tried out with others, | beganstudies with the macro-
structure of attention (Mason 1998). It is commopegience that you can
attend to more than one thing at once; it may p@rserial succession as in a
serial-computer operating system, and it may hgairallel; that is a matter for
neuroscience to discern. The experience itsednofieems like effectively
parallel awareness. For example, on the one hahile weading this text you
can form an image of where you are likely to pagtak your next meal, and
you may also be able to imagine the walls around painted in stripes or
polka dots of different colours. You can recitp@m, nursery rhyme, or
other familiar word sequence while at the same timmdsiting mentally a
holiday or other pleasant context. On the otherdhamany people find that
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Being Mathematical With and In Front of Learners
having a radio or television playing makes it difit to think, especially when
trying to read signs in an unfamiliar city whilevdng. Attention therefore can
have multiple loci or be multiply directed.

A more subtle aspect of location is the experiesfo@here attention is based.
With a little work it is possible to become awdi@, example, of being slightly

outside yourself, perhaps looking from the sidefrom a bit behind, or from a

bit in front, or from inside the back or front obyr head. Sometimes people
speak of ‘being up front’ or ‘laid back’, frozen maphors which capture

something of the location of attention. Mostly we anaware of the location

of the ‘search beam’ which is our attention (Haggih961).

Attention can be expansive, like a broad beamigtit| taking in a wide
variety of impressions, and it can be narrow, a®iffined like binoculars or a
microscope. Independently of its breadth it carsharply focused, especially
on something specific or confined, but it can atso fuzzy, indistinct and
encompassing: there can be a general ‘sense’ of ishbeing attended to
without concern about details. Thus at the maewel| attention can vary in
multiplicity, locus, focus and sharpness.

Learners’ macro attention is usually caught ughgyr current action. Often
they lose track of overall goals. Short-term megmand cognitive load are
terms which have been used to describe the sameopiema. The same
applies to teachers and to educators: immediateranotay absorb so much
attention that there is little if any left over fdeeping track of what is
happening, even for noticing sufficiently sharply that moments become
salient and so can be re-entered later duringatédle Thus the experience
may be all of a blur.

When Bruner (1986, p. 75-76) talks about a teadbeing consciousness
for two’ he is describing ways in which a teachenacro attention can keep in
mind aspects of a situation which a learner let®fgbecause of the demands
made on their attention by a local task. Thus smmewho has not
internalised addition or multiplication facts needspport of an external
consciousness when exploring number patterns sctificient attention can
be focused on calculation without losing track dife tpurposes of the
calculation. By contrast, someone who needs littl@o attention to carry out
mental arithmetic does not need an external ‘constiess for two’ to keep
track and so can function more independently.

Micro structure of attention

Beyond these macro qualities, attention also hagamjualities, which are
conveniently described in terms of how you arenaliteg rather than to what
you are attending. Informed by Eastern thinkingn(iBsit, 1962) | find it useful
to distinguish five different ways of attending, ialn | call the structure of
attention.  These are holding wholes, discerningailde recognising
relationships, perceiving properties and reasorongthe basis of agreed
properties. There is a remarkable alignment ofahgays of attending with
descriptions of levels of geometric thinking (vaield, 1986), with the SOLO
taxonomy (Biggs & Collis, 1982) and with the ‘onianodel of understanding
(Pirie & Kieren, 1994), but there is no space haryeelaborate on these
connections. The principle differences are thetd the different structures of
attention, the different ways of attending, asdaihg one another in rapid



succession and in no particular order, rather #msufficiently stable to be
classified as ‘levels’ or ‘layers’ of reasoning,demstanding or thinking.

Take for example the expression 3++2 -y A first impression

(3-v2)5+2v6)
might be that it is very complicated. You mightroight not actually be aware
of components, but just that there are severalrsguats. The right hand side
may attract attention because of its simplicitadi@g to an affective response
of disbelief or surprise, but it might actually leverlooked due to the
absorbing or distancing complexity of the left haside. When attention is
allowed to play over the symbols, a relationshipneen the numerator and
denominator might come to the fore. Some people @®mpted into
multiplying out the denominator, while others netihat one of the factors in
the denominator is the conjugate of the numeramnnultiplying numerator
and denominator by the numerator will eliminate firat bracket in the
denominator. Some people might notice that\fds the product of/2 and
V3 and so there is some experience a ray of hopéhhanswer might indeed
be 1. Others might go further and experience andation with the famous
paper by Dedekind (1912) challenging people to erthat\6 does actually
equalv2 x 3.

Associations, connections and links which ‘comeniad’ can be accounted
for through either or a mixture of two processe&tonymictriggering and
metaphoric resonance. These grammatical terms were re-inteatiuby
Jakobsen (1951) and exploited by Lacan (1985) aakbff and Johnson
(1980). Metonymies are associations which playttensurface of meaning,
usually highly idiosyncratic and often based ontagtic elements such as
homonyms. They are grammatical constructions iitlwvbne thing is referred
to by some association such as a property or dfwppart (literally, ‘change
of name’). The verlirigger is used with metonymies because the links are
largely within the affect-emotional domain, verypih and often not even
conscious. By contrastnetaphor which means literally ‘carrying across’
involves describing one thing in terms of anothenderneath every metaphor
there is an extended analogy (originally a mathamlaterm for proportion),
which is why metaphor is concerned with structunel aneaning. The verb
resonances used to indicate the structural, semantic baksisow metaphors
bring things to mind.

One form of attending is gazing, not really foalisen anything in
particular, yet taking in the whole. An assonaggatiption isholding wholes
These ‘wholes’ may be parts of other entities whidve been discerned.
Thus you can gaze at a geometric diagram, waiting fo ‘speak to you’ or at
some particular part of a diagram. The experiesogf i'waiting for things to
come to mind’. Similarly you can gaze at a coll@tiof symbols, and you can
hold a situation in your mind and allow your substious to work away at it.
You can gaze at the expression above without fagusin particular
components. This may last only a few micro-secohdfore you make
distinctions, or discern details.

Making distinctions, which can be assonantly reférto agdiscerning details
is a structure of attention, a way of attendingr#nts or aspects which might
serve as useful sub-wholes are distinguished asmtifebd, often through * re-
cognition’ either metonymically or metaphoricallfiscerning details is
neither algorithmic nor logically sequential. tiebn’t happen all at once. You
don't ‘suddenly discern details’, and then stopcdising details; rather, your
attention is caught by some detail, allowing youdtstinguish some aspect
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Being Mathematical With and In Front of Learners
from some other aspect, and these distinctionscpzate in and contribute to
subsequent attending. You may return briefly toimgzwhether at the detail
or at some larger part. Discerning details appiiebearing and sensation as
well as to sight. Most often attention darts alike a butterfly, settling for
a brief moment, and then moving on. One of theghithat has to be learned
is to direct your own attention (using will) rathtean be subject to will-o’-the-
wisp movement. As learners of mathematics, peonptal to become familiar
with worthwhile details to look out for; as teachef mathematics people need
to become familiar with ways of attracting and hiodd attention on
worthwhile details; as teacher educators people nedecome familiar with
ways of drawing teachers’ attention to worthwhikgadls, to ways of directing
learner attention, as well as to integrate thedsh p@dagogical constructs and
theories.

An excellent example is afforded by the use ofimpte partly shaded
diagram to direct attention to the ways in whiclisipossible to change both
the unit used to compare two things, and what domss the whole. In the
figure, below, find something which is two-fifth§ omething else; something
which is three-fifths of something else; somethinbich is five-thirds of
something else; something which is five-halvesahsthing else (Thompson,
2002).

The task develops from there. But many people arensred to seeing the
whole of the figure as the only whole that theykbat the third and fourth
parts.

It is sometimes hard to imagine that you havehitags discerned all the
details of which you are currently aware, but ifuyput yourself in an
unfamiliar situation you may become aware that espare attending to
details un-noticed by novices. This ‘awarenessifisourse vital for teachers
and teacher educators. A significant if not majart pf learning is discerning
important details or aspects not previously notalised, including what it is
that constitutes ‘important’. Thus the algebra exkpletects errors without
even checking the calculations, and spots posai®eaues of enquiry invisible
to novices who are not distinguishing the samessoftthings. In the surds-
fraction earlier, an expert discerns numerator,od@nator, equal signs, the
solitary 1, the repetition of the square-roots @&rigl 2 and the single square-
root of 6 and immediately recognises some relakiqss

Recognising of relationshifmetween discerned elements is often an entirely
automatic development from discerning details, ibus very difficult to be
aware of a relationship between two or more ternhenwthose terms are
embedded in a mass of symbols or geometrical abgeatl your attention is
not discerning at that level. Recognising relatlips refers to specific
relations between specific elements. In the foacttrip, it is the relations
between 2, 3 and 5 which are crucial. In the sinaistion someone might, for
example, detect the presence of more than one esqoat of 3, or see the
numerator and one term in the denominator as diffeby a sign. A
relationship can come to mind in its entirety, loere can be a coagulation of
disparate discerned elements. The feature of oektiips here is that they are
embedded in the particular.



There is a subtle, but potentially important skiftm recognising specific
relationships between specific elementspéoceiving properties When you
are aware of a possible relationship and you asking for elements to fit it,
you are perceiving a property. Particular relai@re seen as instances of
general properties or abstract concepts.

Mathematical reasoning proceeds only when learitenstify properties that
can be used as the basis for reasoning. With@jtl¢arners tend to dredge up
everything they know, even when it has not yet h@ened formally, or when
it leads to circular reasoning. Formal reasonghentifies properties as either
axioms or as ‘already deduced’, and then procemdse only them in further
reasoning. This iseasoning on the basis of specified properties

The significance of these subtly different formis atention lies in the
disparity of comprehension which can take placenwtkacher and learners are
attending either to different things, or to the sathing(s) but in different
ways. Thus if learners are trying to discern thements that a teacher is
relating together, they are unlikely to apprecitte relationship as well; if
learners are recognising relationships between ifspeelements but not
perceiving them as properties, then again they moagppreciate the import of
what is being said and done.

A novice teacher observing a lesson may miss atls sof subtle details
evident to a more experienced teacher or educdtoparticular, they may be
unaware of what learners are attending to, or teowd, oblivious to what the
teacher may be attending to, or how. A teachegltiaup in attending to
learners’ responses may not be attending to thativeg(or positive) effects of
the implicit choices they are making in how theyeract with the learners.
Similarly, an educator caught up in attending txkers’ responses may not be
aware that their own behaviours may be influencthgse responses in
unexpected or unintended ways.

Overt and explicit directing of attention (“loolkete”, “can you see ...?") are
very local and ephemeral phenomena. There is asoreto expect that such
direction will alert learners to the possibility attending similarly in the
future. Indeed, the refinements of the structdrattention introduced earlier
serve as a reminder that even if learners aredittgrio the same thing as the
teacher, they may not be attending in the same way.

Awareness

The word aware is usually used in connection with some degree of
consciousness, so the wadarenesshen picks up that association. However,
one of Caleb Gattegno’s many insights is that gmmsms, we have many
‘awarenesses’ which lie below the surface of cansmess (Gattegno, 1973,
1987, 1988). For example, somatic functioning sastbreathing, perspiration,
and heart-rate, not to say digestion and lymphdétenses all take place
without our being conscious of them. Functioningse Ithese which are
controlled by the soma deserve to be consideredes@ases because they are
dynamically responsive rather than mechanicallyemeined. There are also
internalised, habituated or automatic functionitmsvhich we no longer need
to attend which are also dynamically responsive @egkrve to be thought of
as ‘awarenesses’. Awareness may be restrictedeindégree to which the
individual is specifically and explicitly aware aimdwhat they could articulate
about it. Thus a child may coordinate pointing ananber-word-speaking
without articulating anything to do with ‘counting’nor even ‘I am
coordinating pointing and speaking’; a learner rdegw axes, plot points and
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Being Mathematical With and In Front of Learners
sketch straight lines through specified points witharticulating anything to
do with ‘graphing’.

Awarenesses are influenced by and also influeffeeteve responses, such
as dislike (or stronger) of surds in the surd faact Finally there are
functionings which arise through the use of humawgrs for making sense
(literally as well as figuratively), which are déeped and extended through
social interaction, and which can also be obsema®dictions. For example,
actions such as stressing and consequently ignatifigrent parts of the
fraction strip, or treating the surd equation asaéfect to manipulate are
functionings driven by awareness. Awarenesses fdone backbone of
disciplined modes of mathematical enquiry whethietha level of algebra,
geometry, topology and so forth. or at more refitexels associated with
specific topics. Lakoff and Nunez (2000) exploiistin their conjecture that
most mathematical concepts are based on bodilyasens and movement.

Gattegno (1987, 1988) proposed that disciplinesh sas mathematics or
physics arise when people become aware of thaHatthey have actions that
they can carry out, explicit functionings, which balled awarenesses, even
though they may be implicit and below the levelcohsciousness. Thus a
discipline arises when people become aware of awases which enabled or
guided them to act in certain situations (Mason&99The second order
awareness means that they can begin to act uponwatid the base
awarenesses, to study them as phenomena, andgoiskian terms, explicitly
choose to make use of them. As people become asfateeir below-the-
surface functionings which are activated by th&gdkey undertake and by the
activity in which they engage and participate, tdeyelop competence in and
a sense of the associated discipline. Thus, ig@ptine of counting emerges
from becoming aware of and making use of actioch s1$ pointing, speaking,
coordinating pointing and speaking, and speakipgréicular word-sequence;
the discipline of fractionating emerges from reigtidifferent wholes via a
common unit.

Awarenesses trigger actions without our havingittate them consciously,
and often without any conscious knowledge at alic& the ternconsciouds
itself ambiguous, referring both to being awakéeathan asleep, and to being
mindful rather than oblivious or functioning in aotatic mode (Claxton,
1984, 1997; Langer, 1997), | shall use the teemdicit awarenesso refer to
awareness which could be articulated, amgplicit awarenessto refer to
awareness that is either not yet or no longer headiticulable. The
importance of Gattegno’s insight is that when we &t we are ‘aware’ of
something, we obscure the origins of that ‘conssigerception’, and we
overlook a myriad of functionings of which we arat explicitly aware but yet
which comprise the awarenesses of our organismndmke, since they initiate
action of which we only later become explicitly ézjily aware.

Trying to distinguish between explicit and implicgwareness is fraught
with difficulty. For example, it has been suggesthat a multitude of
experiments point to the fact that consciousnesls tbehind action and affect
(Mandler, 1989). Ngrretranders (1989) goes furtiied claims that it is an
illusion that we (consciously) make choices at &gather, choices made in the
moment, on the fly, as distinct from reasoned dvatied choices, are made
below the surface of awareness-attention-conscéassnConsciousness then
makes up a narrative which gives itself the ‘stayrirole. Choices involving
reactions or responses to stimuli are actually madethe basis of past

9



experience before we become aware of tlasmohoices. It is more convenient
therefore to follow Gattegno and to us&arenesdo refer to the sensitivities
of the organism to detect change and to respotisatochange through action.
Those actions may be well rehearsed habits orifumings, or may be cobbled
together from fragments of such actions to suitsitgation.

The significance of awarenesses is that developrasnconceived by
Vygotsky (Valsiner, 1988, p. 334) lies in transfation of a person’s ability to
act in some way ‘in himself', into an ability totabat way ‘for himself. Thus
development, in Vygotskian terms, refers to becgmable to make a
conscious, explicit choice, rather than simply getrniggered or cued into
action. Put another way, development has to do thighgrowth of conscious
control and participation, not the extension ofilfgc with a particular
technique or procedure. When people refer to theezof proximal
development (ZPD) as imminent changes in behavisolving problems or
doing tasks with the help of a relative expertyyth@sunderstand Vygotsky’'s
intentions. What they are referring to really igane of proximal behaviour
which is in some sense a projection of the ZPD thtoenactive component of
the psyche (Mason, Drury & Bills, 2007).

Vygotsky’s perspective is compatible with the prsal by Gattegno (1987)
that ‘only awareness is educable, and | added ‘bahaviour is trainable’ and
‘only emotion is harnessable’ in line with the Upsdmad image of the chariot.
Gattegno meant that functionings can be integrétedugh subordination of
attention), but that participation in a disciplifeich as mathematics, or more
particularly synthetic geometry or elementary aftgg¢boccurs when you
become aware (explicitly) of those awarenessescffumngs). Similarly,
Vergnaud observed what he callddeorems-in-actionchildren acting as if
they knew a theorem or a technique such as the cdativity of addition or
multiplication, even when they patently could ndicalate it, nor was there
any evidence that they were aware of it at mora thfunctional level.

Development, that is, education of awareness, socah®ut when implicit
theorems-in-action become explicit, open for quedtig and possible
justification or refutation, and made use of in ngays or in new situations in
which they might not have come to mind previousliis is what some people
refer to as ‘applications’ and what behavioural gi®jogists referred to as
transfer (Detterman & Sternberg, 1993, Lobato, 20@tuated cognition
stresses that ‘knowing’ arises in and becausepairicular situation. It tried to
account for transfer and its absence by describ@agning as situated.
However, the same issue then arises in terms of ditwativity extends and
broadens to encompass previously unfamiliar sitnati Ference Marton (see
Marton & Booth, 1997, Marton & Trigwell, 2000, Mart & Pang, 2006) sees
learning a concept as becoming aware of aspectexarhples which can be
varied while still remaining examples. These afenred to as dimensions of
(possible) variation which provides a more predmenulation of situativity
than is usually available (Marton 2006). All oé#e articulations are, at heart,
concerned with educating awareness, implicitly a&xglicitly. Thinking in
terms of attention and ‘what comes to mind’ in taaion, whether triggered
metonymically or resonated structurally through apébr, highlights the
importance of ways in which metonymy and metaptar be supported and
strengthened, and more generally, how noticing @podunity to act can be
developed (Mason, 2004).
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Being Mathematical With and In Front of Learners
Core Mathematical Awarenesses

Taking the perspective described here means thatdes need to experience
and integrate into their functioning various actiomhich lie at the core of
mathematical topics and themes. Setting tasks, oroitant activity,
accumulated experience and working on that expegienthe surface structure
of mathematical classrooms. Below the surfacetliesessential purpose of the
tasks, activity and experience, for at the heartnafthematics lie core
awarenesses. Thus coordinating the number namesienxped as a form of
‘counting poem’ with pointing, together with disoérg a ‘unit’ are the actions
which underpin the awareness which constitutes tooginthe action of
discerning a repeated unit lies at the core of mmérag as well as counting; the
action of combining and breaking up underpins aoldiand subtraction; the
actions of scaling and of repeating underpin mlidiiion; the projection of
motion along a path into motion in two (usuallyhargonal) directions and the
coordination of action in two directions to fornpath underpins graphing; the
action of selection from a range of possibilitiexlerpins probability, and so
on.

Each mathematical topic is based on core actidrishnlearners can carry
out under instruction (otherwise they cannot beeetgd to make much sense
of the topic!). These actions constitute the @marenesses around which the
topic is built. A learner needs to encounter the o$ previously familiar
actions, possibly in a new form or with extensiensvariations; an effective
teacher needs to be aware of these awarenessefgative teacher educator
needs to be aware of how to locate and bring to simdace these core
awarenesses, derived from the literature and froqmerence. Tzur (this
volume) provides one articulation of how this candmne.

If a teacher is not aware of relevant core awarsggeghen they are not in a
position to choose appropriate tasks, nor to ch@ggeopriate pedagogical
strategies and didactic tactics. For example, fizning a rectangle into equal
pieces with vertical divisions, or with horizontdivisions is a core action
which underpins the awareness of fractions as tmsraon objects. An
associated pedagogical awareness is the fact tlaaty nfearners have a
predisposition for vertical partitions. Many reauicontinued exposure to
horizontal ones as well so that they develop tleilfility to choose for
themselves, which is essential for using the reptkam area model for fraction
operations (Kyriakides, 2006).

One of the classic interventions used by relagxperts to enculturate
novices into particular practices, is often refdrte asscaffolding and fading
(Seeley Browret al. 1989). A teacher repeatedly uses a particulamptcor
guestion with learners, and then begins to usedadsless direct prompts or
meta-questions such as “what question am | goingstoyou?” or “what did
you do last time in this sort of a situation?”, ilithie teacher need only rarely
if at all remind learners of the prompt: the prorhps been internalised and
become a spontaneous action (Mason, 1991). At é&istonished by the
question, learners become aware of the actions wWeng carrying out ‘in
themselves’ as being available to carry out ‘foentiselves’. The prompts
become internalised and available for use, at leasttuations in which the
prompt comes to mind, by the learners themselveguRite awarenesses are
integrated into functioning so that they are likety come to mind when
required, in the form of actions to choose to cayty. This is perhaps the
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paradigmatic manner in which learners develop I sense of Vygotsky),
although sometimes prompts and questions will comeind even without
being subjected to a process of deliberate scafipldnd fading. Here the
propensities and other attitudinal components, ttegewith the sensitivities to
notice (even if below the surface of explicit awsss) play a major role in
whether and how readily awarenesses trigger actiong other words, the
extent to which someone has ‘learned’.

Awareness & Attention

Awareness and attention are closely related. Soeeoay be attending to
something in a particular way but unaware expiicitf the what or the how.
This makes it particularly difficult for teachersdaeducators to work out what
the people they are working with are attendingrid aware of. For example,
when you express a relationship in words, it i€ofhighly ambiguous as to
whether you are expressing a generality, thatés;cgiving a property that can
hold in different situations, or whether you arecé by language to express
yourself in generalities, but in fact you are refeg to the foci of your
attention, namely specific elements and relatiggsHietween them (Mason,
Drury & Bills, 2007). When people are caught u@ation, in the ‘doing’, they
may be completely oblivious to relationships that present, although some of
these relationships may be enabling the actioretpdsformed.

For example, if a learner says

“to subtract one fraction from another [meaninge‘tbnes | am looking
at’] I make the bottoms the same and then adjestadps and subtract the
second from the first”

the words are necessarily general. They may lkitig generally, but they
may be thinking and attending only to the particulgven if they are thinking
generally, they may not be aware of what they aggng asa generality. This
is what Noss and Hoyles (1996) are pointing to bing the labekituated
abstraction If the learner had said

“I multiply the 4 by the 5 and the 10 by the 2 aadjust the 3 by
multiplying by 5 as well, and the 7 by 2, giving & minus 14 equals 1
so the result is 1/20”

then there is stronger indication that the learmary be dwelling in the
particular, but in fact they may also be exemptifya generality of which they
are aware. Thus a learner may have no sense efaligy at all, and be
dwelling entirely in the particular; there may beague but inchoate sense of
generality; there may be an ‘almost articulable'tigr of the tongue’ sense of
generality; there may be a strong sense of geheiadi a procedure, or as a
procedure based on a generative appreciation of thewprocedure works;
there may be varying (and even unstable) degreesrdfdence, varying and
unstable degrees of facility, and various assumptiabout therange of
permissible chang@ the variation permitted by the generality (MasBrury

& Bills, 2007).

Notice that the ambiguity inherent in interpretisgmeone’s utterances as
statements of generality or of particularity applie every level. A teacher
working with learners needs to be aware of the ng@tegap between what
learners appear to be saying and how they arelgcaigending; the educator
working with teachers needs to be aware of thenpialegap between what
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Being Mathematical With and In Front of Learners
teachers appear to be saying about their teachiradpaut their learners, and
how they are actually attending. As is well knowhere are often gaps
between espoused, intended and enacted beliefs tdsmining and learning
(Cooney, 1985) even when the researcher’'s ownprattions of these is
taken into account (see Taylor & Dirkx, 2002). Ealtors need to be cognisant
of their awareness when drawing on pedagogical tnaets and didactical
tactics so as to be alert and sensitive to howhtracmight be attending to and
interpreting what is being said: as generalityparticularity.

It is important to point out that the process ofeeging awareness is not a
monotonic process of constant improvement. Aréiing your current sense
of something of which you are only beginning to diee aware is often

fragmentary to the point of incoherence. In thategt of beginning algebra,

Nicolina Malara (2003) referred to this as ‘algel@bby analogy with young

children’s babble prior to bursting into speechetaAinley (1999) called it

‘emergent algebra’. More generally it has beercdieed as a cyclic process
of manipulating confidence-inspiring objects, gata-sense of something,
and struggling to articulate it (Floyet al. 1981; Mason & Johnston-Wilder,

2006).

The whole point of tasks and emergent activitythiat learners become
aware of mathematical concepts, techniques, theinesristics, ways of
thinking, and the use of their own powers in maldegse of mathematics and
making mathematical sense of phenomena. The m@i&iexheir awareness,
the more likely it is that tasks, activity and irtention will be informed and
guided by teacher/educator awareness of core etsmehn mathematical
thinking. If attention is taken up by the inteiant there is little room for
meta-awareness and hence the use of pedagogiagsts which will direct
learner/teacher attention to useful objects angsaful ways.

Attitude

Attitude is another much used term which coversudtimmde of meanings. Its
etymological origins lie in the wordptitudein the sense of ‘having the quality
of likeliness or appropriateness’. Here it is taksra synonym for the affective
or emotional component of the psyche, the horsethénchariot metaphor
described earlier. Strongly attitudinal or affeeticomponents include a
veritable alphabet of terms: alignments, assumptfiobeliefs, desires,
dispositions, likes and dislikes, orientation, pedive, stance,
weltanschauungwishes, and so on. Attitude includes not only nettbe force
comes from (as in the horses; see also Piaget/1984) but also the way in
which that force is processed through the individuselves which are active
in the situation, producing reactions (automatedhabituated actions) and
responses (freshly formed or chosen actions). oDOfse those ‘selves’ develop
through, and because of, interaction in the sauibéu.

Selves

Following a long and ancient tradition extendinglbat least to Plato, | find it
helpful to see people not as individuals, but asemblages of competing
selves (Bennett, 1964; Minsky, 1986). Each ‘sedf’d cluster of typical
emotional states and associated habituated or atitorbehaviours, with
concomitant awarenesses which come to the surfda#ferent selves are
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dominant at different times. For example, the ‘patavho leads a seminar is
not the ‘person’ who buys petrol on the way honhe; person who fills their
briefcase with work they imagine they will do atnw is not the person who
rejects doing homework once at home: they may tla@esame outward body,
but the gestures, postures, voice tones, vocahulay of relating to people,
things that are attended to and thoughts that amiag sometimes be quite
different in nature. Some people find ‘multipldves’ disturbing and prefer to
see these as aspects of one self, referred td. aBtit detailed investigation
into the source of the word ‘I' when it is uttereslreal that most often it is a
habituated grammatical construction with no referelis use is primarily a
form of social reassertion of the currently dominaelf (Bennett, 1964;

Mason, 2002). James (1892) made the point nicéhyfrom the one point of

view | am one self, from another | am quite asytrmlany” (p. 202, quoted in

Bullough, 2005 p. 146).

Each self therefore can be thought of as an ioterected and self-
amplifying collection of propensities, behaviouirsgjeed a mini psyche. The
termattitudethen functions as a label for motive propertiesvbfch ever self
is dominating at any given moment. Teachers ard awhre that learners
invoke different selves in different lessons, ahat to connect with a learner
so that an experience has some significance reqsinesitivity to the learners’
currently dominant selves, including invitationgdgrompts to access a more
appropriate self. Adolescents particularly are eegain the process of
discovering that they can have some control, camoisse some choice about
which self they bring into play, and that this deve an enormous impact on
what they get from lessons. Similarly, educatoes\eell aware that teachers
invoke different selves at different times, witketresult that sometimes there
is eager identification and take up of proposafg] ather times hostility or
outright rejection. Where teachers cannot imaghmmiselves taking up an
idea, or where learners cannot imagine themselvexctieg a proposal,
reluctance or rejection are likely outcomes.

When people are together in social groupings tieeaesocial-amplification-
attenuation effect. Sometimes there is a sufftailmgree of alignment so that
it is reasonable to speak of a ‘group attitude't Bis also possible for some
people to react against proposals from the outfide range of reasons, and
so act as a brake on social alignment. As Jaw@2€ki6) has pointed out, a
functioning community of inquiry will experience'aitical alignment’ which

is not necessarily a feature of a community of ficac Teachers sensitive to
these subtle movements are better able to nudgeagoleé, to massage a group
into effective mathematical work. Educators sewsitd these subtle
movements are better able to work effectively witbups of teachers.

Similarities and Differencesin Different States

The termsattention, awarenesand attitude provide a useful vocabulary for
discerning similarities and differences betweendkgeriential states of people
acting as learners, teachers, and teacher educ&eople rarely function
solely in a single mode: many learners are remdykatvare of pedagogic
choices; many teachers work on mathematics for skéras as well as with
learners; many teacher educators work on mathesnatid on teaching , both
for themselves as well as with others. The fact fluianan beings are complex
organisms embedded in a multitude of environmentsypled with the
elaboration of aspects of attention, awarenessa#titdde suggests to me that
teachers who are not learning about their learraed,who are not challenging
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Being Mathematical With and In Front of Learners
themselves mathematically cannot expect to remashfand effective for
long. Conversely, teacher educators who are notletiying themselves
mathematically as well as pedagogically similarBnieot expect to remain
fresh and effective for long. For teacher educatbis means working on
mathematics alone and with others, working on thain pedagogy by using
pedagogical constructs to elaborate their praeticevell as using their practice
to elaborate constructs; for teachers this meangkimgpon mathematics alone
and with others as well as working on their pedéggractices. and didactic
tactics. In short, this can be re-cast as educatingreness, sensitising
attention and enriching attitudes to mathematizdearning mathematics and
to teaching mathematics.

From the foregoing it is evident that the aims amgntions of learners,
teachers and teacher educators are different (s®e Taur this volume).
Learners’ primary concern is functioning in relevanathematical ways as
they work on tasks and become aware of heuristieanes, strategies and
forms of mathematical thinking, as well as encorinteand re-constructing
for themselves important concepts and techniquesarners may gradually
become explicitly aware of some of these aspeclsarhing mathematics, but
their main concern is that these come to mind wiesded so that satisfactory
responses to tasks can be achieved. Indeed, ezogels act as if they have a
theorem-in-action regarding learning, or, put aeottvay, their side of the
implicit didactic contract (Brousseau, 1997) isctamplete the tasks they are
set as best they can. Somehow students assumey (raxplicitly or
consciously) that task-completion will produce tharning expected. In this
sense, they naturally tend to dwell in the particut least until someone, or
something in the practices in which they are embdddraws them out of the
particular to reflect upon and access encompaggngralities. Sometimes a
task-completion orientation goes so far as obtgimmswers by whatever
method is available, including copying.

The implicit underlying theory of learning seernshe that learning happens
as a result of doing and handing in work. Teachdrs focus on assigning
tasks, marking learner attempts, and giving answsith various forms of
worked examples and explanations, connive to regefothis simplistic
perspective on learning. By contrast, provokingriess in the use of their own
natural powers and familiar actions so as to meet nhallenges, and then
drawing attention to what learners have achieved] bow, directs their
attention to what really matters, and affords oppdties for learners
awareness to be educated (Mason and Johnston-W2I0@6). From a similar
perspective, Tzur (this volume) focuses on thevagteffect relationship
experienced in carrying out tasks as the core rfeattnich requires reflection
and attention for effective learning to take plathus teacher intentions and
aims are that learners’ attention be drawn to é&pees in which powers and
heuristics have been used effectively, and matheatdahemes, concepts and
techniques encountered. Teacher educator aims irgedtions are that
teachers become aware of ways in which learnentaite can be directed
appropriately to pertinent experiences. This afrse requires that teachers
themselves become aware of the powers, themesistiesiwhich comprise
mathematical thinking, as well as both the concaptstechniques themselves,
and the psycho-social components of educating awaee and training
behaviour associated with them. In short, thennke@ are exposed to teachers
who are being mathematical with and in front ofithearners, supported and
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amplified by being in the presence of teacher etdusavho themselves are
being mathematical and who are able to draw atterntt what comprises that
mathematical being. To be effective, teachers rieattvelop ‘awareness-in-
discipline’, and teacher educators need to devédpareness-in-counsel’
(Mason, 1998). This unusual label is used to enipbathe states of self-
awareness which are necessary in order to be abfenction at all the

requisite levels, similar to the states neededftective counsellors.

A narrow perspective on the role of tasks andntdtere of learning is likely
to lead to a constricted disposition towards matitéral thinking, seeing it as
the obtaining of answers through the use of mermdrigrocedures. Positive
dispositions, self-image, and confidence in selfaasnathematical thinker
develop from meeting challenge (Dweck, 2000). @fes to support learner
confidence by giving them simple tasks merely @iods their self-image and
does nothing to open them up to other possibilif&éatsonet al 2004;
Prestaget al 2007; Houssart, 2004).

Where generality is achieved by varying severalapeters, including
changing contexts, the learner experiences whdferse(1987) referred to as
horizontal mathematisatioand has many of the characteristics of metonymy
and syntactic or surface learning (Marton & Saljt984). Vertical
mathematisationarises when attention is directed from relatiopshto
properties, and from properties to characteristefining or generative
properties which can function as axioms from whiah other relevant
consequences flow. It has many of the charactesistif metaphor and
semantic or deep learning (Marton & Salj6, 1984)ttBflows are essential to
learning and to developing positive dispositionsdols mathematical enquiry
and use.

Faced with a mathematical task, learners seekemsswo do this they call
upon, usually without reflection or awareness, ficas into which they have
been initiated if not enculturated through engagmthe social practices of the
mathematics classroom in particular and of schgalngeneral, and through
interacting with their teachers and their peerso t€ach effectively and
efficiently requires working differently. Attentiois not on answers but on the
approach, the forms of thinking employed. Teaclhd#end to where and how
learners are attending, and choose their interagtioith learners so as to
direct attention in what the teacher trusts willuseful ways. This accounts for
the extensive literature on misconceptions (howditect learner attention so
that classic misconceptions or construals will Hecuenvented or else
corrected through exposure to cognitive dissonancirprise). Teachers also
attend to learners’ motivational-affective statg,i@ evident in their habitual
reactions and their considered responses in lesgadifferent times of the day
and in response to learners’ all too explicitly eegsed states of boredom,
confusion and frustration. They seek ways to attig@rner attention so as to
engage them, and to connect to learners’ naturagity and desire to explain
phenomena.

However, teachers too are practitioners. Thegyaaut actions with greater
or lesser explicit awareness. They develop funetgs or practices, ways of
coping, many of which become habitual and below sheface of explicit
awareness, as indeed they must if they are tovaithie complex interactions
with the energies of children and adolescents. échghey are similar to
learners but in a different domain. As well as fioming mathematically,
teachers function pedagogically and didacticallp. Gecome mathematical,
that is, to enter and engage in the discipline aftramatics, it is necessary to
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become aware of the awarenesses which enable g flinctionings which
can be construed as mathematical (Gattegno, 198Zson, 1998). For
example, explicitly retreating from an overly commpltask or situation by
trying particular or special cases, building upticatar cases so as to see
through them to an encompassing generality, or mgalse of a theme such as
invariance-in-the-midst-of-change or doing-and-undp begin to become
‘second-nature’ or automatic as they are integratéal functioning. Brown
and Coles (2000) give a vivid description of hoarteers took over the phrase
‘same and different’ and turned it into a verb whibey explicitly initiated as
part of the practice of their classroom when wagkaom new ideas. The same
process of integration can be accomplished with semsitivity to notice, any
structure of attention, any awareness (Mason, 129@2).

Distinctions such as that drawn by Skemp (1976} &en instrumental and
relational understanding, by Marton and colleag(eeg., Marton & Saljo,
1984) between a surface and a deep approach torigabetween procedural
and conceptual knowledge, and between syntacticsanthntic appreciation
all divert attention away from the richly complexperience of ‘having
pertinent possible actions come to mind’ and towaadsingle spectrum of
technique and comprehension. Valsiner (1988) ribsVygotsky was trying
to direct attention away from what the learner almeady do (which is what
most tests attempt to discover) to what the leagser soon choose to do
unaided but can currently accomplish with the gnmk of a more-
experienced other. This is where learning, grovehd transformation are
imminent, what Vygotsky meant by ‘proximal develogmti, and hence where
the teacher can be of most value. Tzur (this vo)usees the participatory
stage of forming a new (to the learners) concdpb(igh becoming aware of
an activity-effect relationship) as a significatéstowards learners being able
to initiate similar activity themselves, which tetdevelopment of importance
to Vygotsky.

For example, a focus on tasks and their resultédavthe complexity of
learning as a transformation of awareness, of whsppontaneously attended to
and discerned, of the ways that attention is strect, and of mathematical
themes, heuristics and powers which come to mimdutth metonymic
triggering and metaphoric resonance. Such a foarcentrates on task-
completion and the accumulation of procedures ¥@resituation, eventually
putting an excessive burden on memory and leaviaddarner vulnerable to
forgetting and to inflexibility in the face of unfaliar challenges. By contrast,
maintaining complexity when working with learnessmore likely to provide
them with sufficiently rich experiences that thawareness is educated, their
attention honed and sharpened, and their attitedeshed.

Teachers develop functional awareness that enddes to cope with the
exigencies and dynamics of a classroom full of -pibksessing learners who
are themselves full of desires and concerns, istei@nd dislikes, with varying
degrees of coordination between their affect, thelvaviour and their intellect.
Analogously with learners, as teachers become mnmlemore explicitly aware
of their implicit functionings or awarenesses wharlomote learning, they are
in a better position to make choices, to respondsiteely rather than
automatically to whatever situation emerges. Tihésponse covers the
Shulman range from content knowledge to pedagagijest knowledge and
beyond (Shulman 1987 p6).
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Becoming aware not simply of the fact of differ@rays of intervening, but
of the fact of subtle sensitivities which guide determine choices between
types and timings of interventions, is what is iwea in becoming an
effective teacher, a ‘real teacher’ (Mason, 1998uch explicit awarenesses
give rise to a discipline of teaching, which | refe asawareness-in-discipline
to distinguish it fromawareness-in-actiorfop cif. The ‘in-discipline’ is
stressing that the actions being brought from iaiiplo explicit awareness are
in and of the discipline of mathematics rather thations which constitute the
discipline. This ‘second-order’ discipline that @merging is really the
discipline of mathematics education as experiendsd a teacher of
mathematics.

Someone acting as mentor to a novice teacher wheaiching a lesson
while being observed by the mentor and-or by ahtemeducator provides an
ideal setting for exploring the complexity of irdeting awarenesses. There
are mirrored parallels between the novice teachmkiwg with the learners,
aware of possibilities not yet accessible to tharers, the mentor working
with the novice teacher in the same way, and theher educator working
with the mentor. In order to make sensible andablé choices, each must
also be aware of the world occupied by the otfigrus the mentor is aware of
the mathematics being taught as well as the pedzajadrategies and didactic
tactics being used; the teacher educator is awhréheo mathematics, the
strategies and also the constructs and theorieshwhform and underpin the
strategies. Each must choose how much to tryitmtio the surface for those
with whom they are working. It is no wonder theathing and learning are so
complex, and perhaps it is even surprising thansoh learning actually does
take place in connection with attempts at teachisgé also Jaworski, 2007).

The structures of awareness become even more ermyben teachers
move into mentoring and then into teacher educatithen teachers first
make this move, they tend to try to describe whay tthink they used to do
when teaching continuing to see themselves as éemchther than mentors.
Over a period of time they discover that this isuifficient for pre-service or
in-service work with prospective or practicing tears. Something more is
required. They become aware that there are usedys of working with
people who are themselves learning to teach, mémghich parallel ways of
working with learners on mathematics, but whickeratubtly with the change
of focus from the discipline of mathematics to #ezond-order discipline of
teaching mathematics. In the perspective of teaedacator being developed
here, the effective teacher educator aims to dagention so that participants’
attention is drawn out of the actions of doing reathtics and also out of the
actions of teaching mathematics, so that awareadmssome explicit. In this
way, individuals and their social milieu may seteeeducate that awareness,
and thus inform actions in the future. This forathird-order discipline.

Worlds of Experience and M odes of Action

One way of speaking about the range of structutishiton, awarenesses, and
attitudes, and structured attention of people ffedint situations is in terms of
occupying or dwelling in different worlds. The ige of living in different
worlds is of course ancient, probably as old asdmibeings, as evidenced by
shamanic traditions and more modern religions. dfelSoodman (1978) used
the image to consider how people individually arallectively create the
worlds they occupy, in a manner consistent with @ddhist perspective.
Francisco Varela and colleagues (1991) used aasiinilage in similar ways,
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but focusing on the role of embodiment in in-formiand pro-forming such
construction. Jerome Bruner (1966) proposed thredes of representation
(enactive, iconic and symbolic) and developed thapartance of the
imaginative as different from the world of matergdperience (Bruner 1986).
If re-presentation is interpreted as indicating thature of a world of
experience, then his three modes can be thougts tifree worlds: physical or
material, mental, and symbolic, and by metaphoxiersion, manipulative,
imagistic and intuitive, and as-yet-only-partiatigherent. Thus familiar and
expressive symbols can be manipulated, so for augérson, these occupy a
manipulative, metaphorically enactive world, wherédeas which are as-yet
abstract and not well connected occupy a symbadiddras yet out of reach in
terms of articulation. This is the basis for frameks such asnanipulating—
getting —a-sense-of-articulatingeveloped from experience with Bruner’'s
ideas in the Open University Centre for Mathemaldsication (Floycet al .,
1981, see also Mason & Johnston-Wilder, 2006). idawall (2004) has
latterly been developing a cognate but slightlyfedént version in terms of
conceptual (embodied), proceptual (symbolic) aridraatic (formal) worlds.

In my own case, | became explicitly aware of mathgical thinking
processes such as specialising and generalisimjgatoring and convincing
through seeing the filhet Us Teach Guessir{§dlya 1962). It released a style
of teaching | had experienced at school which ptechdnteraction with
learners, prompting them to undertake the thinkiiy awareness expanded
to the second-order discipline which was manifestettie writing ofThinking
Mathematically (Mason et al. 1982). However it took me severadrgeof
promoting ‘mathematical investigation sessionsOgten University Summer
Schools before | realised explicitly that many vemgthematical tutors were
not themselves spontaneously prompting learnespégialise and generalise,
to conjecture and convince. Thus arose elementieothird-order discipline
described above. | then embarked on developing waysngage people in
mathematical thinking, to draw them out of the @usi forming their activity
so that they became aware of those actions astadtantions to invoke for
themselves, and ways of working with colleaguesvorking in this way with
teachers. It is probably the case that finding diyisea distance teaching
institution forced me to articulation where in adao-face context | might
have been content to engage with participants. & liifferent awarenesses
may combined with my propensity to see phenomenaetaphorical, to see,
for example, the triad of enactive—iconic—symbofiot simply as doing,
imagining and symbolising, but more metaphoricéiifason 1980).

Because attention is ‘where we are’, the form anacture of our attention not
only determines bus the mental world we occupy. The ‘we’ in this case
led by a cluster of competing selves under thedesidp of the currently
dominant self, so that there is a particular selfs own characteristic world of
attention and awareness. What we are aware ofjdithyplas well as explicitly

determines the fine-grain details of that worldeaperience. Our attitude in
all of its complexity determines what actions wibbme to mind through a
combination of metonymic triggers and metaphorioasonance, whether
automatically or as conscious choices.

Alerted by a sensitivity to notice opportuniti@sinitiate actions, learners,
teachers and teacher educators sometimes havehéimeecto participate in
making a choice. Among other things, such choicgedude a mode of
interaction: whether to initiate action (say sonmgh do something), to

19



respond (to wait expectantly, to listen carefulhdary to enter the world of

the speakers) or to mediate (to influence actimirely through being present
and having contributed to a rich milieu of wayswafrking, access and use of
resources, and so on). This is what is meant bipngomathematical with, and

in front of’ learners.

The world of the learner is essentially to do vidbally focused attention to
the tasks and consequent activities, but it neededch out to the underlying
awarenesses. Teaching is about directing leartemtiin, and not only being
consciousness for two or more, but scaffolding faalihg support for learners
so that eventually they take over the initiative tiemselves. It is about being
aware of what learners are not yet aware of, amirfg ways to prompt them
to become aware. Educating teachers is abouttidigeattention to practices
and choices, constructs and theories which camrnfthoices when teaching.
Again it is about being aware of what teachersnartteyet explicitly aware of,
and prompting relevant shifts of attention. lirigst be made clear that there is
no assumption that the teacher educator ‘knows’ wiatteacher needs to be
come aware of, for most often what practitionerechat any level, learner,
teacher or teacher educator, are prompts whichokmwhem to become
explicitly aware of what they are currently at besplicitly aware of, but
which may be evidenced in their practices, thegirds, or their aims.
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