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Abstract

After the students in high school have learnechtegrate a function, the calculation of
the volume of a solid of revolution, like a rotatpdrabola, is taken as a good applied
example. The next step is to calculate the volurhero object of reality which is
interpreted as a solid of revolution of a givendumon f(x). The students do all these
calculations in the same way and get the sametrgSahsequently the teachers can
easily decide if a result is right or wrong. If teudents have learned to work with a
graphical or CAS calculator, they can calculate ¥b&ime of solids of revolution in
reality by modelling a possible fitted function ¥(Every student has to decide which
points of the curve that generates the solid oblgion can be taken and which function
will suitably fit the curve. In Austrian high schedeachers use GeoGebra as a software
which allows you to insert photographs or scannatknal in the geometric window as a
background picture. In this case the student aedetacher can control if the graph of the
calculated function will fit the generating curvea useful way.

Introduction

After the 2 world war the syllabus in Mathematics only recomdes an introduction

of calculus in form 11 and 12. This meant that otilg power function had to be
integrated. The teachers had to find applied problelr'he students had to calculate areas
and volumes of solids of revolution. The followipgoblem 665 with Fig. 62 is typical
for the next thirty years.(Rosenberg et al., 1974)

y 655. Die Parabel 3. Ordnung y= X

3
(Fig. 62) dreht sich um die y-Achse. Be-
rechne den Rauminhalt des Drehkdrpers
zwischen den Grenzen

y=1und y, =3
3
(V=[ax?.dy).

656. Die mnpu_:.:

einmal um die x-Achse,
die y-Achse. Berechne die Inhalte der ent-
stehenden Drehkérper |(verlingertes und
e & verkiirztes Drehellipsoid).

35*.;=1 dreht sich
andere Mal um

3 s 2
yz%@ X= 39y2 V= ,t).€/§.y3 .dx Resultin the book:%p(g.%/é- \3/5)
1
This was a typical result for that time as it wase without a calculator. At the end of
the seventies the students were allowed to useulatdrs and the result was 20.546.
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In course of time the students asked for problerhghvwere more realistic. Problem
1162, taken from Szirucsek (1999), is an exampléhi® move in the right direction.

1162 Der Hohlrdum eines Weinglases ist im Wesentlichen ein Rotationspara-
boloid. Das Glas ist 6 cm tief und hat 6 cm Offnungsdurchmesser. Wie viel
Wein Ist enthalten, wenn das Glas gestrichen voll ist bzw. wenn es bis zur
halben H$ne gefiilit ist? In welcher Héhe misste die Markierung fur

"ilé' Liter angebracht werden?

If students solve this problem, they have to chooseveen two formulas they have
learned. They can take x2 = 2py (symmetricah®y-axe) or y2 = 2px (symmetrical to
the x-axe ). If they substitute x=3 and y=6 in X2py and x=6 and y=3 in y2 = 2px they
get the equations for the two parabolas parl arit pa

parl: x2=(3/2)*ry y= *x2 par2 : y?2=(3/2)*x
\A Aam Rotation round they - axe:
r 6 6 3
) V. =pg x2gdy=p g —gydy
. 0 0 2
(6.3) 2
: Do Vv :32igy7:27p = 84.8

| Rotation round the x axe

" 6 6 3
3 2 R 0 1 2 3 4 5 7 V :pg y2gdx :p g _gxgdy
- 0 0 2
3p x?2
2 V =~ g—=27 = 84.8
2 g2 p

D

3 e

To get these results, the students have to chostseeén two ways. In my tests | often
asked the students for two ways of solution. It wageat advantage for the students that
they could hope their solution was right if bothywded to the same result. But ex. 1162
is not really an applied problem. The numbers &@sen to allow easy calculating and
the position of the coordinate system is fixed wiith two formulas they have learned.

New possibilities with the introduction of a CAS, 5. DERIVE

In Austria a great step in the right direction walsen with the introduction of a CAS in
Mathematical Education. In the early 1990s Ausirés the first country to buy a general
licence for the use of DERIVE in all its grammahaals. One of the advantages was that
the students could very quickly create tables aragplgc representations of functions.
Vice versa the students were enabled to find atimmcto a given table with the
commandFIT(v, A) “The elements of the label vector v are the dat@ables followed

by the parameterized expression.” A is the dataixaith the set of points. “When the
number of data matrix rows equals the number o&rmpatric variablesFIT returns an
expression that exactly fits the data, to withiarrdoff error.”
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“When the number of data matrix rows exceeds thabmr of parametric variableB|T
returns an expression that is a least squarestfiet data.” (Help of DERIVE 6)

S X2 x 15
FIT([x, a.x2 + b.x + c], [-1.5, 0; 0.5, -2; 1.5, -8]) simplifies to S 5 g

Later on with DERIVE 6 it was possible to inserplaoto, e.g. of a wine glass, in the
graphic window with the command®©ption Display Color Picturé After you have

suitably positioned the co-ordinate system, you iwemk, with the cursor, some points
lying on the rim of the wine glass and enter theoatinates as a data matrix. Now you
have to choose a suitable function f(x). If youemtet the rim of the wine glass as a
polynomial function, you can get f(x) witRlT(x, f(x), A) With the comman®LOT,the

graph of the function is quickly plotted in the ghéc window and you can control how
well the graph of f(x) fits the curve. (B6hm, 2006)

Fig.1: The green curve in the figure is the grapthe polynomial function
y=0.002716 - 0.0409%¥+ 0.2283 0.55¢6 0.5583 0.3814.8343%x 3.81I

Now you can quickly calculate the volume of thadof revolution round the x-axe:
4.727

V=pg (Y(X)?gdx=255.15¢
0
New possibilities with the introduction of GeoGebraversion 2)

The first Research Projects in Austria (1992-2004janized by thCDCA (Austrian
Centre for Didactics of Computer Algebra) had the goal to reform the teaching of
Mathematics with the use of CAS. In the last prigdafter January 2005) ACDCA and
GEOGEBRA have been cooperating. The name of this softwaregaken from
GEOMETRY and ALGEBRA, because the great advantage of GeoGebra is that an
expression in the algebra window corresponds tolgect in the geometry window and
vice versa. You can simply insert photographs @nsed material in GeoGebra in the
geometry window as background picture (Hohenwarter, 2008). Then you can take the
coordinates of important points of a curve.

60z



With the commandonic through five pointsyou can find the curve of the conic and the
equation of the conic through the chosen five mosmnultaneously.

Fig.2: My own photo of a wine glass Fig.3: Photo of a wine glass (J. B6hm)
hyp : 1875x2 - 150y? - 2625y = 0 ell : 453.258%.07y?-1119.7y = 1927.36

If you have the goal to find a function to a curveyou have two possibilities:

y =0.541x% - 0.008x + 0.246 ‘

Fig.4: parabola y=a.x? with a=0.62 Fig.5: parabola with quadratic regression
In Fig.2 the curve seems to be a parabgla= a.x3 a parameterized expressionof a
function. You take the parameter as slider and move it until the parabola will
sufficiently fit the curve. The result for a = @.8s shown in Fig.4.

In Fig.5 some points on the rim are marked. If you warfirtd a function through these
points, you have to take a CAS. With TI-Nspire Cy& calculate with the command
guadratic regressiorthe parabola: y = 0.541x2 + 0.008x + 0.246
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The volume of the solid of revolutionround the y-axe with GeoGebra:

y(A)

5
In Fig.4 it is easy to calculate: V=pg xXgy=pg OL62 dy=63.34
0 o

In Fig.5 you need a CAS. First you have to solvey = 0.541x2 + 0.008x + 0.246 to
x = f(y), then to compute x2 =(f(y))? and to intatg. | did it with DERIVE 6 and TI-
Nspire CAS and got the following result:

y(A) 5
2.(J5./54109 - 13307 & 2)2
V=pg xXgy=pg ( ( “/ 2(93,2681 }.dy=65.18€

0.246 0.246
GeoGebra can integrate, too“Integral[Function, Number a, Number bReturns the

definite integral of function in the intervg , b]. : This command also draws the
area between the function graphf ehd thex-axis.” (Geogebra Help 3.2)

In Fig.2 Geogebra calculated the hyperbola: 1875x2 - 15@#25y = 0. If you transform

2 \
to x2, you getg(y) :pq150gi/8;r52625/ ‘. In Geogebra you have to enter x instead of y!

2
g(x =~ 4150?(8;5262& )® V= Integral d %0.5]= 65.45

New possibilities with the introduction of GeoGebraPre-Release

If you look into the homepagaww.geogebra.at, you will read that GeoGebra is a free
and multi-platform dynamic mathematics software fearning and teaching. It has
received several educational software awards irofiiand the USA”. If you use the
order 'Start GeoGebrayou load the last official version of GeoGebré.ybu click
“Futurée’, you will get to GeoGebra Pre-Releaseand you cartry out the currently
developed version of GeoGebra. If you clitlelp’ and 'about’ you will find the date of
the latest version, often the date of the actugl da

I will now treat the wine glass of Fig.1 wieoGebra Pre-Releasé&om April 7, 2009.

Fig.6: Conic[H,F,D,C,A]  hyperbola Fig.7:Polynomial[A,B,C,D,E,F,G,H,]
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The volume of the solid of revolutionround the x-axe with GeoGebra:
In Fig. 7 the new commandPolynomial[A, B, C]creates an interpolation polynomial of
degree n-1 through n given points” (GeoGebra 3dase notes), with nine points:
y=0.004¢ - 0.04X%'+ 0.158- 0.068 0.656 096 0.291 2 bBt+k94

V = *Integral[f(x)?, 0.5, 4.321]254.042
In Fig.6 the commandConic through five pointsomputes the hyperbola:
109.6x2 + 148.79x.y + 21.4y2 - 945.66x + 303.854557.83

with TI-Nspire CAS:y = 2.63892){/x 2 13.4336+ 17.6907 1.31%pK+( 2.042.
with GeoGebra: V =*Integral[f(x)?, 0.5, 4.321] =255.498

In Fig.1 the volume has been worked out with DERIVE: ¥55.159

Summary of my experiences

Many students in grammar school often ask in Matiteas what the use of learning
functions and conics really is and where they exiseality. Whenever the students take
their own photos with their digital cameras of atgewhich can be interpreted as solids
of revolution and then insert them in the geometiiecdow as background pictures, they
learn to find conics and graphs of functions. Aftards they can calculate the volume
with integration and are content to have solvedp@plied problem. The solutions of the
students are often very surprising for the teachrtssometimes the numerical results are
a little bit different.

References

Bohm, J. (2006). Background Pictures as a Stimgdalleans for Math Teaching. In:
Bohm, J. (ed)Proceedings DES-TIME-2006 Dresden Int. Syrbg.teachware, Linz,
Austria.

Hohenwarter, J. & Hohenwarter, M. (2008)introduction in GeoGebra.
www.geogebra.org

Rosenberg — Ludwig — Wihr (1974MJethodisch geordnete Sammlung von Aufgaben aus
der Arithmetik und Geometrie fir die 7. und 8. IskasVerlag Holder-Pichler-
Tempsky, Wien, Austria.

Szirucsek — Dinauer — Unfried — Schatzl (1998athematik 8 Verlag Holder-Pichler-
Tempsky, Wien, Austria.

Wurnig, O. (2007). Introduction of conics in formi With the help of GeoGebra. In:
Milkova, E. (ed):Proceedings of the"8International Conference on Technoloigy
Mathematics TeachindJniversity of Hradec Kralove, Czech Republic.

60<



