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Abstract Certainly one of the most powerful and importaatdeling languages of our time is the Calculus. But
research consistently shows that students do ri@ratand how the variables in calculus-based mattiesh
models relate to aspects of the systems that thoslels are supposed to represent. Because o$tiients
never access the true power of calculus: its slittatb model a wide variety of real-world systemsross
domains. In this paper, we describe the motivagiod theoretical foundations for the DeltaTick aratltihk
Replay applications, an effort to address thededifies by a) enabling students to model a widdaty of
systems in the world that change over time by dadithe behaviors of that system, and b) makindigkpow a
system's behavior relates to the mathematical $rdvat behavior creates. These applications entpioy
visualization and codification of behavior ruleghim the NetLogo agent-based modeling environment
(Wilensky, 1999), rather than mathematical symbadstheir primary building blocks. As such, thegyide an
alternative to traditional mathematical technigfeesexploring and solving advanced modeling proldeas well
as exploring the major underlying concepts of dakeu

I ntroduction

“Calculus has been so successful because of ita@xtinary power to reduce complicated problems

to simple rules and procedures — thereby losingtsid both the mathematics and of its practicaliedl
(Hughes-Hallett et al 1994)

As Hughes-Hallet notes, many complicated probleamsh® solved easily using the tools of calculust-only in
science, technology, engineering and mathematitENS, and importantly also in the social, behavicaad
economic (SBE) sciences. But by focusing only aalit procedures, calculus educators have larigéigd to
help students understand why or how those procedunek. While it is clear that recent reforms ifccdus
education have addressed some of these issuedplirygh&tudents to better understand the conceptaitiderlie
calculus rather than simply the procedures and mdstinvolved, researchers have yet to show thdests are
learning how to apply these concepts generatietlescribe, model, and explore real-world phenonf€aater,
2001). At the same time, there are an increasingpeu of calls from science and industry for studéat
understand calculus in an interdisciplinary, aghlend generative manner (NCTM, 1989; AAAS, 1990).
Because calculus is an important tool for so mafigrént domains and topics, students without awabk
background can only explore a limited, highly siifigdl set of problems and ideas, and studentsaaiedyr
exposed to the true power of calculus: its suiiightib model a wide variety of real-world systentsass domains.

In this paper, we provide the motivational backgmband brief description of the DeltaTick and HotL.i
Replay applications, designed to address thesesdsua) enabling students to model a wide vaaesystems
in the world that change over time by defining liedaviors of that system, and b) making expliatlthks
between that system's behavior and the mathematcals that behavior creates. These applicationsay the
visualization and codification of behavior ruleghim the NetLogo agent-based modeling environment
(Wilensky, 1999), rather than mathematical symbadstheir primary building blocks. As such, thegyide an
alternative to traditional mathematical technigfeesexploring and solving advanced modeling proldem
enabling even students without a calculus backgtaarexplore those topics, while at the same timmducing
students to many of the major underlying conceptalzulus.

The DeltaTick project builds on work that compleitseypical algebra-based representations of caculu
concepts such as rate of change, integration, dfiedeshtiation with alternative — and in some waymre
accessible — representations using computationdiamie extends this work by representing thesecepts in the
context ofsystems- that is, scientific and social phenomena forolvhinany components and behaviors in a
system contribute to a single measurable quathiityy¢hanges over time. In the following sections,will
describe these representational shifts and thécagiphs we are developing in more detail, and fHestrate
how a number of important concepts in calculusteaexplored — and how interesting systems can lueled
and studied — using this alternative media.

Background

The DeltaTick project leverages the power of cotapufor enabling new ways to represent the

mathematics of change, and is rooted in designeb@search on representational infrastructure @iftessa,
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2000; Papert, 1996; Kaput, Noss & Hoyles, 2003, thstructuration” of domains (Wilensky & Pap&®06),
and the computational and pedagogical affordantagent-based modeling (Wilensky & Resnick, 1999;
Wilensky & Reisman, 2006) to provide an alternativethod for exploring and creating models of tred-veorld
systems. In this section, we briefly review thistature, provide a description of what we meaa bystenin the
“calculus of systems”, and conclude with an illagisn of how the notion afite of changén calculus and
differential equations can be fruitfully “restrucaited” as a collection of the behaviors executedlbgnents or
agents in the case of a predator-prey system

Restructurations and Shifts in Representationabbtfucture

Computation enables dynamic encoding of informatitat was previously only encoded using static
media (diSessa, 2000; Papert, 1996; Kaput, Nos®wdd, 2002; Wilensky, 2006). Over the past 20+#gea
researchers have explored how the ability to coalify execute rules over time using computers cablen
students to explore the important ideas underlffiegmathematics of change. A number of computationa
learning environments have been developed thatdgeestudents’ intuitive thinking about the mathtosaof
change — primarily in the context of one- and tvimehsional motion (Nemirovsky, Tierney & Wright, 98
Roschelle, Kaput & Stroup, 2000), but also in thetext of other simple phenomena such as bankimgher
dynamical systems (Wilhelm & Confrey, 2003; Carlsd@acobs, Coe, Larsen & Hsu, 2002; Herbert & Pjerce
2008). These programs enable students to visualiflect, or even produce their own meaningful diiative
patterns of change over time — all while relatingse systems with graphs, number tables, and iwtbier
“mathematical” representations of these quantities.

Although these computer-based models look vergifit from their typical equation-based
counterparts, both models encode what can be irailasinformation about how the system changes tinee.
This is an example of what Wilensky and Papert §206fer to asestructurations:changes in the encoding of
disciplinary knowledge as the result of changeh@technology that is used to encode that knoveledbe
language of calculus was developed using statidaned that if one is interested in how a certabe 0f change
affects the trend of a quantity over time, they tuse symbolic “tricks” like integration tmathematically
predict that trend. Now that computers enable ittgle externalization and rapid execution of rulibst
themselves define rates of change), we can refi@ase symbolic tricks with the writing and execntif rules
thatcomputationallypredict the trend.

Wilensky and Papert note that a given knowledgeutstiration” reflects the technologies and techagu
available to a given community when that knowledge created. As such, the classical or common éngod
knowledge for a given domain is not necessarilybiest most completeor most accessibleiay of presenting it.
It might be that as new technologies and technigogsrge, new knowledge encodings grant more peagless
and facility of use of that knowledge — even thoagthe same time, those different encodings mayoe other
affordances provided by their alternatives, sucbffisiency or precision.

Agent-Based Modeling and the NetLogo Modeling Emvirent

The DeltaTick project differs from other environntethat leverage the representational affordantes o
computers, because we uggEnt-based modelirgs a means to represent different kinds of systeatchange
over time. Agent-based modeling is a computatiteainique in which a system comprised of a number o
homogenous elements agentseach execute relatively simple individual-basddsuproducing often
unexpected or interesting aggregate, system-letednns. Whereas typical calculus-based treatnuémeny
systems involve an equation representing the cfasiné patterns of aggregate measures of pheno(sanh as
the pressure of a gas, ratio of chemicals in disoluor trends in a population), agent-based nwifelolve
programmatic instructions representing the behadfiamdividual elements of the system that prodinmse
measures (such as the Netwonian motion of indiVigaa particles, the reactions of individual anatgaf
molecules in a chemical solution, or reproductiod death of individuals in a population).

Agent-based modeling has been increasing in pdpufar not only educational, but also scientific
purposes, and a number of environments for creaijjegt-based models exist. One such agent-baseslingpd
environment, NetLogo (Wilensky, 1999) was developéti the explicit goal to be “low-threshold andyhi
ceiling” — making it very simple for beginners toild models, but also possessing enough powetdw dbr the
development of highly sophisticated models. It Ib@sn shown that the restructuration of a numbepofains in
mathematics and science (such as biology, Wile&sRgsnick, 1999; chemistry, Levy, Kim & WilenskyQ@4;
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materials science, Blikstein & Wilensky, 2006; atectromagnetism, Sengupta & Wilensky, 2008) withia
NetLogo environment can help to make understandintjanalyzing these systems accessible to many more
students. We believe such models — especiallygfiity related to more typical calculus-basedioons$ of
concepts such as rate of change — may also pravidecessible means through which the mathemhties t
systems (namely, calculus-based equations) cantiogliiced to students. Both the DeltaTick and HwkLi
Replay applications have been developed to work WétLogo, but to explicitly emphasize the relasibips
between this form of modeling and that mathematiwadels typically used to explore quantitative guaits of
change over time.

Defining a Calculus of Systems

While a great deal of research has been done igatiag student understanding of change over time,
little is known about how they understand changer éime insystems- that is, in phenomena for which calculus
is used to model change over time of single vallbasare affected by a number of elements and hetsa¥or
example, a single population measure that changagtione is influenced by the reproductive and vese-based
behavior of each member of the population, anadifit behaviors (such as reproduction, or the alesain
reproduction due to a lack of resources, or dezath)change the population measure in different svAihen we
use the term “calculus of systems”, we are spetificeferring to phenomena which always involvedtiple
components or agents, and which can also involMépteubehaviors for each of those agents (shadele table
below) — but not systems that only involve one enm&ll number of agents.

Number of Agents
One Many
Example: One-dimensional motion Example: Simple exponential (Malthusian)
2| Agent: Moving object population growth
‘5 »|O| Behavior: motion in single direction Agents: members of population
L2 Behavior: reproduction
'E ‘%5 Example: Projectile Motion Example: Lotka-Volterra predator-prey systen
> m 2| Agent: Projectile Agents: members of population
g Behaviors: inertia, downward acceleration due| Behaviors: reproduction, predation, death
gravity

Different classes of phenomena that can be modsdied) Calculus. We are interested in classes tivatie many agents (shaded).

These situations comprise a particularly intergséind important class of phenomena for students to
explore and understand for a number of reasors, Bitarge and increasing number of important eptscin
science, technology, engineering, and mathematicaiell as in the social and behavioral sciences|ve a
number of components (atoms, particles, peopleketsrand so on) that all interact to produce soateome of
interest. Second, enabling students to connecsiitlegalculus to these more complex systems inessthe
number of real-world and personally meaningful mimeana that they are able to explore and modellliirmey
better understanding how seemingly different sdierand social systems might produce similar dfedent
guantitative trends over time, students might haeee access and encouragement to draw interdisaigliinks
between topics they learn in school and/or findpeally interesting. If students do possess qiaktaesources
for reasoning about mathematical patterns andeaktiips in complex systems similar to those thay exhibit
when reasoning about simple change-over-time gitmtthis points to exciting implications for calles and
science education at earlier levels of education.

Macro-Level Rates of Change as the Result of Mienel Behaviors
Finally, we would like to provide an example ofaha relatively complex calculus-based represemtaifo
a system that involves multiple rates of changebeare-conceptualized in terms of the behaviorsphaduce
those rates of change, and thus, the quantitasitterps of interest that we wish to model. Consifterexample,
the mathematical models used to describe a typreglator-prey system (the Lotka-Volterra equatioheje
involving wolves (M) and sheepS):
r
L b.N.-kNN, b
dr dt
A detailed description of the meaning of theseatigus is included in Wilensky & Reisman (2006)t fou

o= klc"h"r_i-'n'f'--_! - ﬂI:J"'r'-._I
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our purposes it suffices to state that these espumtiescribe how wolf and sheep populations chengetime as
a result of the sheep birth rate)(kihe predation rate at which wolves consume sfiagpand the death rate of
wolves (d), multiplied by the total number of sheep and weslin the system @and Ny).

Another way to conceptualize this system is naeims of rates, but in terms of the relevant bairavbf
a wolf or sheep, and the effects those behaviardhase on the population of each. For example, eathcan
reproduce or die, which leads to an increase aiedse in the wolf population. Since wolves pregbeep, a
wolf death also affects the likelihood that a shedpbe eaten, and so on. Each of these behavemse mapped
onto the corresponding rates of change that aheded in the traditional differential equationstigad above,
and serve to explain the mechanisms through whiabet rates of change manifest: clearly connechiag t
mathematics of the system with the system itself.

This alternative method for representing rate-basathematical models of systems resembles systems
dynamics models (such as STELLA; Peterson & Richind@892), but includes a number of differencesstFit
is defined at thagentlevel rather than thaggregatdevel: in other words, rather than describing bection of
elements of a system (such as wolf and sheepdreitdimple, or a collection of atoms in a gas, anah3.
Second, the basic building blocks of these systm@isehaviorsthat each of those agents produce, rather than
rates of change as is the case in systems dynamoidsls — providing students with more informatiorbtild an
integrated understanding of both the mechanismsratbematical trends of systems of interest.

DeltaTick and HotLink Replay: Facilitating Construction of Rate-Based Systems M odeling

DeltaTick: Building the ModelTo use DeltaTick, users first define the actoragents in a system. They
are then are asked to define how the system chavgesime as a result of the behaviors of thosstsy
specifically, how certain properties (such as thmber, size, position, and so on) of agents chprgéiscrete
unit or ““tick" of time. Although users can crettte behaviors they would like to assign to agémois “scratch”,
DeltaTick comes equipped with libraries of behawitbrat can be simple dragged onto agents for commuatels
that might be of interest to users: for example,“fropulation growth” library includes behavioratitan be
added that fundamentally change the shape of tive quioduced by the model: reproduce-clone, wardier,
randomly, enough-space?, partner-here?, and o @nice added, the user can also modify thesededlu
behaviors to their own preferred specifications.

DeltaTick allows this construction to occur wittdrfreeform drag-and-drop interface, and makes @xpli
to users which values of interest (that is, whiggragate-level outcome measures, such as populatibe
example above) are affected by which behaviors.Mé&model has been created, it can be saved atheld dato
the NetLogo modeling environment, or run and reedrdirectly by the HotLink Replay application.

HotLink Replay: Running the Mod&nce the model is defined, users are able toitdatb the HotLink
Replay system and execute it over several tickrad. The model will produce both a visual and giegl
representation of the phenomena, so that the dtiglahle to directly relate what goes on in teohbehavior to
the graph that characterizes that behavior quéingtg. After the model stops running, the studeiit be able to
move back and forth over the duration of the mogshjuating important features of the graph (siechnélection
points, limits, maxima and minima that may occudifferent models) and comparing them to the vizedl
behavior of the model that produced those features.

Though conceptually very simple, this approachastructing models of, and exploring, systems that
change over time affords a great deal of flexipilit terms of what can be modeled, and how comalmodel
can be. In fact, the two examples used abovecewfinually compounding interest and populatiorvglo-- are
not typically presented to students until well afte first year of calculus. The basic underlymminciple of this
system is that ideas of derivative, integral, clearmmd so on can be presented within, and undergtidbe
context of, real-world systems that change oveetim

Using DeltaTick, a number of important underlyomncepts of calculus are re-conceptualized in the
context of an agent-based model that emphasizdsetieviors, rather than the quantitative trendsysfems. A
model developed can be envisioned as an equatiowhiich different parameters can be inputted ahithvcan
be executed for a given period of time in ordecdmpute results. An individual “tick”, or iteratipof the model
can be conceptualized as the differential: embaggisingle collection of behaviors that contribiat¢he
changes to quantities of interest for the smaligatlable unit of time. Finally, the integral orcaicnulation is
obtained by running a model for several ticks;wligy for the repeated execution of those behavtma affect
outcomes of interest and build upon quantitiesveerfrom the previous execution.
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