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Abstract
This study concerns a teaching design with the gmepto facilitate the students’
objectification of the Pythagorean Theorem. Tweldeyear old students (N=12) participated
in the study before the theorem was introducechémt at school. The design incorporated
ideas from the ‘embodied mind’ framework, historgdarealistic mathematics, linking
‘embodied verticality’ with ‘perpendicularity’. Theualitative analyses suggested that the
participants were led to the conquest of the ‘fiesiel of objectification’ (through numbers)
of the Pythagorean Theorem, showing also evideheppropriate ‘fore-conceptions’ of the
‘second level of objectification’ (through prooff the theorem. The triangle the sides of
which are associated with the Basic Triple (3,46)ved as a primary instrument for the
students’ objectification, mainly, by facilitatirteir ‘generic abstraction’ of the Pythagorean
Triples.
I ntroduction
The embodied mindramework (Varela, Thompson & Rosch, 1991) seearriset compatible
with realistic mathematic¢Gravemeijer & Doorman, 1999), especially in Getgnand its
elementary theorems, which are immediately condewith the perception of environmental
stimuli. Building on ideas extensively discussed.appas and Spyrou (2006), we propose a
realistic teaching design that links gravity and #mbodied verticality with the Pythagorean
Triples. Through similarity, the Pythagorean Triptmn help the students to link kinaesthetic
actions with mathematics and to formulate the Rydth@an Theoremil{id). The proposed
teaching takes place before the introduction ofRfithagorean Theorem to the participants at
school. In this way, the students have the oppaytuo experience the ‘transformation’ of a
subjective conception into an objective mathemahtdma: itsobjectification(Derrida, 1989,
Radford, 2003).
Theoretical framework
According to the ‘embodied mind’ framework, matheice can be viewed as structures
deriving from within the human bodily functions (M#a, Thompson & Rosch, 1991).
Evidence from neuroanatomy shows that gravity py®ssential part in the function of the
equilibrial triad (visual, proprioceptive and vestibular system; &ty Strominger, Demarest
& Ruggiero, 2005), the input of which is evaluatey the brain for optimum equilibrium,
motor planning and spatial orientation. Hence, ijyasan be linked with the humans’ ability
to identify verticality, which roughly is the alifito identify the perpendicular to the ground,
thus supporting the claim that gravity and embodigsdticality can be linked with
perpendicularity (Lappas & Spyrou, 2006).
Lappas and Spyrou (2006) identifiegto levels of objectificatiom mathematics: the first
level is realised throughumbers whereas the second througioof. Moreover, they argued
that, historically, the Pythagorean triples is afighe first results in Geometry that derived
from the act of ‘objectively’ ascribing the percept of the ‘shape’ of perpendicularity via
numeric relationships (thus, first level objectfion).
We argue that ideas put forward from the embodigdimesearch area could be compatible
with ‘realistic mathematics’ (Gravemeijer & Doormat999). Bearing in mind that the way
the human body experiences gravity is invariardugh history, we attempt a teaching of the
Pythagorean Theorem based on the sensory exper@ngeavity with the intention to
reactivate the primordial aatf objectification(Derrida, 1989; Radford, 2003) in mathematics
“through anadaptive didactic work(Radford, 1997, p. 32), which was “redesigned aratle
compatible with modern curricula in the contexttbé elaboration of teaching sequence”
(ibid).
In this study, we investigated a realistic teachithgsigned to facilitate the students’
objectification of the Pythagorean Theorem, incoaiog ideas from the ‘embodied mind’
framework, history and adaptive pedagogy. Note ttiatstudy focused only on the first level
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of objectification due to curriculum constrainsateld with our sample, affecting the level of
mathematisation that we expected the studentsathre

Sample and procedures

The study was conducted with 12 students (7 maldssafemales), who were in the second
grade of the Greek Gymnasium (14 years old). Thécp@ants were grouped in six pairs
based on their friendship (as suggested by thaghtr), so that they would cooperate better
in the various activities of the study.

A structured teaching of around an hour took piacthe school lab. All the activities were
videotaped and qualitative analysis was conducteiti® video data.

The teaching design

The teaching design consistedsafven phased hefirst phase is labelled a&alling ball'.
Each student was given a small ball and was askkt the ball fall from his/her hands. This
triggered a discussion about the vertical trajgctdrthe falling objects and its relationship
with gravity.

The secondphase is labelled a®lumb-bobs Once the students realised the relationship
between gravity and verticality, we asked themuggest ways of marking the trajectory of a
downfall. The use of the plumb-bob in the consimrciof a vertical wall was presented to
them.

Thethird phase is labelled aBo6ttle containing coloured liquidThe purpose of this phase
was for the students to realise the necessity ofstcocting perpendicularity and the
horizontal plane. Thereby, a discussion was imitiatbout the construction of a perpendicular
line to a vertical wall. The students were presgntéh a bottle containing a coloured liquid
(see Figure 1). The researcher held the bottlenagthe vertical wall in a variety of angles,
making evident that the surface of the containgdidi remained horizontal. The surface of
the coloured liquid, embodying the horizontal plaaed the plumb-bop, embodying the
vertical line, formed anatural example of perpendicularity for the students te aad act
upon.

The fourth phase is labelled asVooden sticks In this phase, the focus was on the Basic
(Pythagorean) Triple (3,4,5). A series of actigtigas designed with the purpose to link the
right angle with the right-angled triangle and Beesic Triple. Each pair of students was given
three wooden sticks (90 cm, 120 cm, 150 cm) cotbwith a different colour every 30 cm,
embodying the Basic Triple. We asked the studenpdace the 120 cm long stick against the
wall and to try to construct a right-angled trismgbubsequently, we asked them to construct
with these sticks a right-angled triangle on tle®ifl Thus, the students were led to the Basic
Triple:

Verticality > Right angle>Right-angled triangle>Basic Triple

Subsequently, the students, starting from the Basiple (3,4,5), they were led to the
construction of a right angle, thus realising tihat converse is also true:

Basic Triple>Right-angled triangle>Right angle

Thefifth phase is labelled aBé&sic Triple on the millimetreWe asked the students to draw a
right-angled triangle with the perpendicular sidesng 3 cm and 4 cm. The students were
asked to find the length of the third side. Thu® students were led to the Basic Triple
(starting from ‘right angle’; see ‘wooden stick&iave).

Thesixth phase is labelled aBasic Triple and anglésFirst, we explored, the students’ prior
knowledge of the various types of angles (acutéysebor right). Subsequently, we asked
them to draw a triangle with two of its sides bethgm and 4 cm and the angle between them
being different from 90 The students were asked to measure the thirda$itieat triangle
and to note any rule that they might have found.

The seventhphase is labelled afigurative numbers The students were presented with the
first four figurative numberg1? 22, 3 and 4; in the Pythagorean sense, with dots, see Figure
1) and were explained the process of constructich sumbers. We asked the students which
number would be the next figurative number and iethey could draw it. Subsequently,
the students constructed three squares with thdéssbeing 3 ¢cm, 4 cm and 5 cm
respectively. We asked them to amount the dotstando possible operations with the
numbers. The students found more Pythagorean $riptenstructed the respective triangles
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and confirmed the truth of the Pythagorean Thedrethose cases. We initiated a discussion
about the case in which the sides of the trianglese not natural numbers. Finally, we
disclosed to the interviewees that an informal gbrasing areas would be presented to them
in class.

?i | Terparsnox. Prremor.

.
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Figure 1: ‘Bottle containing coloured liquid’ (I¢fand ‘Figurative numbers’ (right).
Results
During the ‘Falling ball' phase the students weskesl about the trajectory of the falling ball
Nine students answered “a straight line”, one ieglihe same answer, while the rest of the
answers were “a curve” and “it will follow the lagf gravity”. We asked them whether they
had heard of another word for ‘perpendicular’, et ‘vertical’ (cf. Manno, 2006). All the
participants answered negatively, although moghein were aware of the word “vertical”,
when we asked them. Subsequently, the students asker: “How can we find a way to
materialise the vertical line that gravity create3hree of the children thought of builders
constructing houses, while one girl, Daphne, conmteteri'A! We will use a piece of rope or
string or something like that and we will drawthg vertical line] while we hold the piece of
rope”.
In the ‘Plumb-bobs’ phase, once we explained the afsplumb-bobs to the students, we
asked them'Since we have established verticality through davhow can we establish that
a straight line is perpendicular to this lirfehe verticalP That is, how can we construct a
right angle?” The students were given time to realise the digite of the questioning and
to try to discover something new for them. Somelatitis considered using a triangle ruler,
but we clarified that this was not consistent wifie fact that “the [right-angled] triangle has
not been constructed yet”. Therefore, they resddexh empirical answer:

Researcher: And how do you know it would be veltica

Nikos: ‘By the eye’ [meaning a rough, visual estiioa]. We will see it.
In the Bottle containing coloured liquidphase, the students appeared to realise the
relationship between the surface of the liquid tadvertical line:

Researcher: Observe. What's this [referring tobibitle]?

George M.: It's a kind of liquid.

Re: Look carefully. I move this bottle and | havewaface [referring to the surface of the liquid].

What is the relationship of this surface with thisce of thread?

George K.: If we put it perpendicularly...it will keeright angle.
In the ‘Wooden sticks’ phase, the students werergio inspect the three wooden sticks. One
pair of students produced an expression using ptiopo“This is ... 1, 2, 3, 4, 5 ...this is three
fifths ...”. The students were then asked to usestitks in order to construct a right-angled
triangle on the wall and subsequently on the fl@oth the purpose to facilitate the students’
relating the Basic Triple (3,4,5) with perpendicitiaindependently from gravity.
During the ‘Basic triple on the millimetre’ phasthe students faced various difficulties
concerning the angles, including the identificatioh the various types of angles, the
differentiation among these types and the apprgpriaming of specific angles using capital
letters. Nevertheless, most of them (8 studentsyessfully coped with the activity itself
(measuring the third side of the triangle).
In the ‘Basic triple and angles’ phase, the stuslevetre asked to draw a triangle with two
sides being 3cm and 4cm and the angle between sidesebeing different from 90Most of
the children did not face any difficulties with ghéctivity. They were then asked to measure
the third side of that triangle and note any riilgt they could find concerning the lengths of
the sides. The majority of the students observatlitha triangle with two sides being of a
fixed length the third side would be longer thaae thspective side in a right-angled triangle
when the angle was obtuse and shorter when the aag acute:
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Researcher: Can you give us a rule by comparirgethases?

Aggeliki: That in an acute triangle...the third side.

Daphne: Yes, it doesn’t have the same number...tlggeais not 90° like in the right-angled

triangle.

Re: Aggeliki would you like to complete your thougas well?

Agg: Emm...this is essentially what | wanted to say.

Re: But your phrasing was different.

Agg: That in an acute triangle...

Re: Yes...

Agg: The third side will be smaller than it will lre the right-angled triangle.

Re: And in the obtuse triangle?

Agg: Bigger.
In the ‘Figurative humbers’ phase, once the stuevdre familiarised with the figurative
numbers, we asked them to construct three squathsswles respectively 3cm, 4cm and
5cm. Most of the students pointed out the relatgmbetween the squares of numbers 3, 4
and 5 (3+4°=5% indicating with their hands the areas of the sgu&The sum of the two
small sides equals to the big one” (Aggeliki). Tdtadents were asked to think about the
relationship of these numbers and to try to findrenwiples satisfying this property. Some
interviewees noticed that the multiples of the Basiple were cases of such triples:

Researcher: What other combinations of numbersdcleald us to the formation of a right-angled

triangle?

Nantia: Their doubles.

Re: Meaning?

Eleni: 6, 8 and 10.

Re: Why [did you choose] these numbers? What weuetlyinking of?

N: That their doubles will also do [form a rightgded triangle]. It will just be a bit bigger...thdtet

double [referring to the triangle with sides of dtuthe size] will be exactly the same shape.
In the above excerpt, Nantia noted that althoughsiie of the sides in the new triangle is
double, the shape “will be exactly the same”. Isimilar vein, Kostas explicitly uses the
word ‘analogy’ to describe the reason why the mids of the basic triple are also suitable.

Researcher: We havé+31’=5°. Observe that these numbers are in a certairiaestip with their

squares. Are there any more numbers like thatiden

Kostas: Let’s try the numbers (6,8,10).

Re: Why [did you try] these numbers?

K: Because they are the doubles of (3,4,5).

Re: And what do you make of this? What will hapfeme double the numbers?

K: That there is an analogy ... we will have thmeaesult.
Nevertheless, other students noticed that the Iagle consists of consecutive numbers and,
therefore, they hypothesised that triples of com$ee numbers might also be suitable. The
following excerpt is an example of such a case.

Researcher: The triad (3,4,5) ensures the formati@right-angled triangle. Is it possible fortos

find another triad that also forms a right-angleangle?

Aggeliki: 6, 7 and 8.

Re: Why are you saying this?

Agg: They are just like 3, 4, 5 were. They are eonsive [numbers].
Note that Aggeliki argues that (6,7,8) is “justdik(3,4,5). It can be argued that this is also seoaf
‘similarity’, which however is qualitatively diffemt from the previous examples. Kostas, Nantia and
Eleni expressed thgeometrical similarity through numbers, while Aggeliki foundnslarities,
meaningnumericalpatterns between two numerical triplesnrelatedwith thegeometrical meaningf
the Basic Triple. Hence, (geometrical) ‘similarigéems to be crucial for the students’ identifaatf
suitable triplesdf. Lappas & Spyrou, 2006).
At the end of the final phase of the teaching,@hstudents (Kostas, Daphne and Nantia) wrote down
the arithmetical equations and formulated the Rythean theorem by saying tham ‘a right-angled
triangle, the square of one vertical side plus sheare of the other vertical side equals to theasguf
the hypotenuse
Discussion
During the teaching, the students appeared to ppptely link gravity with perpendicularity.
They drew upon the Basic Triple, in order to idigné sufficient condition for determining
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and identifying perpendicularity. Initially, throbigan investigation into the links between the

length of the sides of the triangle and its an@éesite, obtuse or right angle), the students

identified a fore-conception(Sierpinska, 1992) of the Pythagorean Theorem iblinig
perpendicularity with the lengths of the sides. tReimmore, the idea of (geometrical)
similarity appeared to be crucial for the studemsheration of new suitable triples. The

students discovered new triples, appearing to rgaakric abstractior{Harel & Tall, 1991)

of the Pythagorean Triples. The activities with figeirative numbers helped the students to

identify and state special cases of the basic emuaif the Pythagorean Theorem. The

students realised that in the case in which thgtlenof the sides were not integers the
theorem could not be immediately generalised. Tigardtive numbers embody both the
numerical and geometrical representation of theagunumbers and can be used as the
intermediate link between the geometrical squares the arithmetical ones. The students
appeared to realise that the combination of twaesgntational systems (numerical and
geometrical) suggests the independence of matheahabbjects from the individual's
perception, thus facilitating the students’ objéeaiion (first level) of the Pythagorean

Theorem (Derrida, 1989; Radford, 2003). Overallstrad the students appeared to follow the

desired cognitive path. First, they linked grawitiyh verticality and verticality with the Basic

Triple. Subsequently, through the Basic Triple themnaged to differentiate between

verticality and perpendicularity. The ‘generic ahstion’ of the Pythagorean Triples and the

figurative numbers allowed them to partially matla¢ise the situation, reaching the first
level of objectification of the Pythagorean Theorelote that these claims seem to be
supported by the post-test data analysis (not ptedén this paper).

In conclusion, in this study, we created a compneive learning environment that settles the

Pythagorean Theorem within the students’ experignitris making it meaningful to them.

Moreover, the students are allowed to construcoimamt proto-mathematical ideas based on

authentic experiences and to be aware of the fofgavity in the construction of a crucial

geometrical concept. Hence, the students can ee#ilis constructive, non-arbitrary and
constitutionalfunction of the mathematical concepts. Finallyis tteaching is the result of

‘adaptive didactic work’ and, therefore, we arghattit can be introductory to the lesson

traditionally taught at school.

Acknowledgement

This study was funded by the University of AtheNs (70/4/4921).

References

Derrida, J. (1989)Edmund Husserl's Origin of Geometry: An Introdunti@). P. Leavey, Trans.).
Lincoln: Bison/University of Nebraska Press.

Gravemeijer, K., & Doorman, M. (1999). Context plerhs in realistic mathematics education: a
calculus course as an examtelucational Studies in Mathematics, 39,1-129

Harel, G., & Tall, D. (1991). The General, the Abst, and the Generic in Advanced Mathematics.
For the Learning of Mathematics, (@), 38-42.

Lappas, D., & Spyrou, P. (2006). A Reading of HiisliElements as Embodied Mathematics and its
Educational ImplicationsThe Mediterranean Journal for Research in MatheosaEiducation, @), 1-16.

Manno, G. (2006)Embodiment and a-didactical situation in the teaghi-learning of the@erpendicular
straight lines conceptnpublished PhD thesis, Comenius University in Blata, Slovakia.

Noback, C. R., Strominger, N. L., Demarest, R. JRéggiero, D. A. (2005)The Human Nervous
SystemTotowa, NJ: Humana Press.

Radford, L. (1997). On Psychology, Historical Eemblogy, and the teaching of Mathematics:
Towards a Socio-Cultural History of Mathemati€sr the Learning of Mathematic&7(1), 26-33.

Radford, L. (2003). Gestures, Speech and the Spmoof Signs: A Semiotic-Cultural Approach to
Students’ Types of Generalizatidlathematical Thinking and Learning(l, 71-107.

Sierpinska, A. (1992). On understanding the notibfunction. In G. Harel & E. Dubinsky (EdsJhe
Concept of FunctionAspects of Epistemology and Pedagdgy. 25-58). MAA Notes 25.
Washington D.C.: MAA.

Varela, F., Thompson, E. & Rosch, E. (199Ihe Embodied MindCognitive Science and Human
ExperienceCambridge, MA: MIT Press.

534



