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Abstract
In this article, based on Dissection-Motion-Openasi, DMO (decomposing a figure into several
pieces and composing the resulting pieces intova figure of equal arey a set of visual
representations (models) of mathematical concejitsbe introduced. The visual models are
producible through manipulation and computer GSBYCsoftware. They are based on the van
Hiele's Levels (van Hiele, 1989) of Thought Devetunt; in particular, Level 2 (Informal
Deductive Reasoning) and level 3 (Deductive ReagpniThe basic theme for these models has
beenvisual learning and understanding through manipwieé and computer representations of
mathematical concepts vs. rote learning and meratoz The three geometric transformations
or motions: Translation, Rotation, Reflection ahelit possible combinations were used; they are
illustrated in several texts. As well, a set olehicommonly used dissections or decompositions
(Eves, 1972) of objects was utilized.

Introduction and Background
Why Visualization?

In the literature, visualization has been descriagedhe creation of a mental image of a
given concept (Kosslyn, 1996). As such, and from taching point of view, visualization
seems to be a powerful method to utilize for enlmnstudents’ understanding of a variety of
concepts in many disciplines such as computer sejeshemistry, physics, biology, engineering,
applied statistics and mathematics. Specific#iiigre are many reasons that substantiate the use
of visualization for learning and teaching of matiaics at all levels of schooling, from
elementary to university passing through the middid high school levels. The literature also
indicates that the activity of ‘seeing’ differentlg not a self-evident, innate process, but
something created and learned (Whiteley, 2000; Hafin, 1998). As cognitive science
suggests, we learn to see; we create what we sl veasoning or ‘seeing to think’ is learned,
it can also be taught and it is important to tea¢Whiteley, 2004, p. 3; Hoffmann, 1998). Thus,
teachers who have learned and became skillfulenude of visualization and ‘seeing to think’
would be able to reinforce mathematical conceptd mmprove the learning process in the
classroom. The literature further suggests thatnbnmaging, neuroscience, and anecdotal
evidence confirm that visual and diagrammatic reaspis cognitively distinct from verbal
reasoning (Butterworth, 1999). Also, studies ofratign suggest that visuals are widely used, in
a variety of ways, by math users and mathematidi@revn, 1998). Moreover, Whiteley (2004)
stated that "I work with future and in-service tears of mathematics: elementary, secondary
and post-secondary. They are surprised to leamntiodern abstract and applied mathematics
can be intensively visual, combining a very higbeleof reasoning with a solid grounding in the
senses” (p. 1).

Visualization as Justification and Explanation

Visual justification in mathematics refers to thadarstanding and application of
mathematical concepts using visually based reptasens and processes presented in diagrams,
computer graphics programs and physical modelsteTaee several distinct characteristics of
visual justification (reasoning) in many discipline
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» Visual justification in solving problems is centtal numerous fields beside mathematics such as
statistics, engineering, computer science, biokoyy chemistry.

» Visual reasoning is not restricted to geometrypatiglly represented mathematics. All fields of
math contain processes and properties that provisieal patterns and visually structured
reasoning. Combinatorics is very rich in visualtgats. Algebra and symbolic logic rely on
visual form and appearance to evoke appropriaps sted comparisons.

* Visually based pedagogy opens mathematics to dsideimo are otherwise excluded. Studies
suggest that students (and adults) with autismdystexia may rely more on visual reasoning
than verbal reasoning (Grandin, 1996; West, 1998it&éy, 2004; Gooding, 2009).

Types of Visual Representations

This article covers the following visual represeiotas, (1) Diagrams, (2) Computer graphics
programs and (3) Physical models.
(1) Diagrams: Visually based Representations and Processes
Visually based representations and processes #dizeditin a variety of math subjects. This
article will focus on the following subjects:

a) Geometry

b) Functions and Trigonometry

¢) Number Patterns, and

d) Algebra.

a) Geometry: Due to space limits, the focus will be on visugbresentations for the
derivation of area formula®f all commonly used polygons in school mathensatithus, a
number of examples will be presented. Throughowseh derivationsDissection-Motion-
Operations, DMOwvere utilized.The DMO process consistst@fo components:

(1) Decomposition of a shape into partsiiigsectionoperations (vertical, horizontal, oblique),
(2) Composition of the parts into new shapesegial areathrough Motion operations
(translation, rotation, reflection). DMO were printg introduced for 2-D shape transforms
among polygons (Rahim, 1986; Rahim, Bopp, & Bopp0)3 Rahim, Sawada, & Strasser, 1996;
Rahim & Sawada, 1986, 199ahey were extended for 3-D prisms (Rahim, 2009R-D, the area
of the rectangle is taken as givén;z base x heightjt can be verified by the graphs in Figure 1.

Figure 1: Based on the square unit, the Area oféb&angle = bxh
Examples
Below are a number of examples for visual repregemts in 2-D.
Example 1: Figure 2 below shows where the area formulamyftriangle,Area ofA = %2 bxh,
did come from through DMO applied eachtype of the triangle.
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Figure 2: Through DMO, Area af = area of rectangke ¥2 bxh
Example 2: Figure 3 below shows where the area formulatohpezoid did come from. The
visual representations below show that the Argh®trapezoid = area of the resulting
That is, Area of the trapezoid with height h anddsah & b, = area ofA with height h and base
(b1 + bp). Thus, area of the trapezoid = areaaf Y2 bxh =% (b, + ) x h.

by by

1/2h

Figure 3: Area of the trapezoid = area\of %2 (b1 + ) X h
Example 3: Figure 4 below shows the rhombus visual representbf its area derivation
through DMO where X = horizontal diagonal and Y ertical diagonal of the rhombus.
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Figure 4: Area of the rhombus = area of rectargb@sexheight ¥ XxY
b) Functions and Trigonometry: Example 4. In this example, f(x), g(x) and h(x) were
given below using GSP. By animation through GShaast C travels along the circumference
of the circle B, the measures for the distance A€ angle ABC vary and the graphs of the three
functions will correspondingly get in motion simatieously. Vital observable information about
the characteristics of each of the functions fnd kb with the relationships among them will be
available. For example, students would observe wioald happen when C coincides with A?

-

AB=1.51cm 1
AC=053cm

0 = 2-sinpi+mLABC

AC
mLABC = 0.1 1= radians ad QX = 2.(¥)Sinr_—x+m4ﬁ-.EC}

4 hoo = fog+g —
1{X) X j(‘c 2)

fx)

¢) Number Patterns: Among manyisual numbers’ patterns, ti&ymmetric
Multiplication is particularlyattractive (Posamentiesmith, & Stepelman2009). Consider the
three symmetric multiplication patters shown in,(/) and (C) below. Students can multiply
(A), (B) and (C) by conventional means (calculatiorschecking). After they attempted to use
conventional method, they may welcome a more etegsntion by considering thddombic
method in (A) and (B) and explore thgramidmethod in (C). The intention of these patterns is
to introduce interesting properties of numbers iplitation.

T
x 7777
49

49449

494949
49494949

494949

4949

49

60481729
(A)

555
X 333 11 =1
-------------- 11211 =121
15 1M1x111=12321
1515 1T111x1111 =1234321
151515 11111211111 = 123454321
1515 111111111111 = 12345654321
15 11111 111111111 = 1234567654 321
--------------------- 11111111 x11111111 = 123456787654 321
184815 M1 1111111111111 = 1234567898 7654321
(B) (€)

d) Algebra: Example 5. Visual representations: Signs’ multiplications.

499



3x3=9 The pattern: a 3x3=9 3x(-3)=-9 By Case (A)
3x2=6 reduction by 3 2x3 =6 The pattern: | | 2X(-3)=-6  The pattern:

3x1=3 each new line. 1x3 =3 Identical to 1x(-3)=-3  anincrease
3x0=0 0x3 = 0 case (A). 0x(-3)=0  by3.

3%(-1)=? Must be -3 (-1)%X3 =7 e -3 (-1)x(-3) =? Must be +3
x(-2)=? ... -6 (-2)X3= 7 ccorrne -8 (-2)x(-3) =7 ... +6
IX(-3)=? ... -3 (-3)X3 =7 e -9 (=3)xX(-3) = 7 e 19

#HX() = (1) oo (A) (-)x(+) = (-) ... (B) (xR =(#) ... (C)

2. Computer Graphics Programs. E.g., GSP and Cabri. For Figure 5 content, GSPused.
3. Physical Models: A physical model to justifyx + y)* = x* + 3x%y +3xy? + y* will be
displayed whenever presenting this article.

Finally, over the centuries, mathematicians, ploiit®rs and some artists have recognized and
highlighted the artistic aspects of mathematicdd@ardy (1877-1947), a well-known mathematician a
Cambridge University once stated: “a mathematidi&a,a painter or a poet, is a maker of pattelfrisis
patterns are more permanent than theirs, it isusecthey are made with ideas” (O’Daffer & Clemens,
1992, p. 12).
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