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Abstract
The results of a questionnaire that should revealents’ knowledge about the use of computers in
mathematics and the relevance of applications ¢hemaatics in our society clearly show that current
math teaching does not provide adequate ideas &beumportance of computers. We describe the
results and give examples of mathematical activitleat are suitable to both foster mathematical
concepts and widen the mathematical view. Possh#ages in the curriculum are discussed.
Introduction
Computers are no longer a new ingredient in mattc&tibn. The majority of German students have at
least some experience with learning mathematich witmputers in the classroom. However, the
impact of computers on our society is much broddan just as a tool for learning. It is a tool for
calculating things that would not (or not so egsilg computable without and this turns more and
more disciplines into computing disciplines. Dodguts in school learn anything about this?
The questionnaire study, its Interpretation and furdamental ideas
In joint work with Markus Vogel (University of Edation, Heidelberg) we investigated computer
related knowledge of teacher students. The studesris in the second half of their second year.
Most of them (86%) reported that computers were usenath lessons back when they were in school
themselves. The software used was mainly spreas{&6) but also computer algebra (27%) and
geometry systems.
When asked for their attitudes and believes abontpaters the results were as might be expected
after this: Almost all of them said that computehsuld be used and math education and most of them
(68%) were sure that computers have a positivaenite on the students’ motivation.
Given this, the answers to the question ,Give eXxamprere computers are useful for mathematics in
general or for applications of mathematics” werbitasurprising: 16% gave no answer and 19%
mentioned doing fast calculations, but without egha®s. In the next lesson | took the opportunity to
ask the students what calculations they had in niin@ only answer was that “fast computers have
the advantage that the addition is done quicklyrwbeying a lot of products in the super market.”
Well, it is an interesting exercise to figure dugpending a billion dollar at a super market makes
calculation that takes more than 1 second on a manemputer. But to be serious again, this answer
shows that even students who have seen the usengiuters in math lessons have no idea why
computers boost the influence of mathematics inttémendous way it does. Another 11% of the
students mentioned that computers can be useddolate complex formula, but again they had no
idea about what these formulas could be or wherg thight occur.
Similarly disappointing were the answers to thestjoa “Did you ever feel that you had a gain by
doing math on the computers.”: 65% no, 8% yes nduai course on numerical analysis, 8% yes, in the
geometry lectures.
Summing up these findings one may wonder if inonsistent that so many students had used math
software in math lessons and nevertheless had alddea about why math+computers are such a
powerful combination. However, there is an easylanation: Most of the time computers are used in
math lessons, their purpose is to support mathealaictivities that were invented before the use of
computers. A typical example is given by dynamiorgetry systems applied to the problem to find a
line tangent to two circles. This is a problem tkats historically solved by ruler and compass
construction. There are other ways to solve thidbleim, e.g. calculating. Calculating was made very
easy by computers and thus solving the problemdbgutation can be considered to be the natural
way to use a computer on this problem. Howevemaith lessons, we hide these calculations deep
inside the geometry program and work on the le¥edymthetic geometry. Much of computer use
simply has the aim to illustrate ideas and techesginat were adequate in the pre-computer era. This
view is supported by the data from the survey: 850¢gested that computers are useful for
mathematics because they allow to visualize grapli® a lesser extent) other mathematical objects.
To prevent misunderstanding: | do not say thatgidynamic geometry systems or using a computer
to visualize graphs is a bad idea. Not at all! W&rmow how much beautiful mathematics can be done
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that way and that many students appreciate it.polir is that this is important, but it is not twbole
story. If we restrict computer use to that kindaofivity, students are actively guided to a protdém
view about the relationship between mathematicscangputers.

What is needed is a modification of the curricultivat gives students insight into the modern use of
computers as specific mathematical tool. Of coutse, subject is extremely broad ranging from
cryptography to weather forecast. Therefore onalshadentify some fundamental ideas of computer
based mathematics (CBM). They may mediate in sopmses between fundamental ideas of
mathematics and of computer science. Here is dwadollected list:

» Discretization with linearization: Especially inmé based simulations, the continuum of time (and
eventually space) is divided in small pieces sa tihange between them can be viewed to be linear.
Governed by this idea are (among others) solutiafifferential equations and numerical integration.

» Search guided by cost function

» Symbolizing: Problems can often be reduced by rgdtiem into a symbolic form.

» Simulation can compensate for a lack of theory

Given the broad field of applications this is apsigingly short list. In fact many methods rest on
common principles. This is good news for the attisnp bring these ideas to school.

Examples of Tasks that promote the fundamental idesaof CBM

The following examples are selected in way thatqgiypically shows how the fundamental ideas of
CBM mentioned above can be brought to the classroom

Optimization

In school mathematics finding extremal valuesrigdd very closely to calculus. | don’t want to aegu
that this link is unimportant, but | think it shoube complemented by the fundamental idea of search
For example, given a function in two variables likey)=x2+2x+y?+5y+xy/2+1 it is very easy to
calculate function values. And then, it is easyotk for values ofx andy that yield small function
values. Students doing this witllefined in a program or on a calculator so thatuation is fast for
them will almost for sure discover some searchtegsahow to make the function value smaller, and
they will — without doubt — understand that a cotepean do this search for them. After half an hour
they have an idea about what numerical multi-diriwared minimization is and then they can use it to
model situations by defining functions to be mirded. The technological basis can either be a
computer algebra system (e.g. using the Ibfgs pechka the free Maxima system), a programming
language with minimization code (e.g. Python wilkte tScipy library (both free as well)) or a
spreadsheet like Excel. Excel contains the soludityu that allows to minimize the value of
calculated cell very easily. One simply has to ctelee cells that may be changed and the cell to be
minimized.

With this technology at hand students can answestipns like this:

What parameter values in a function should be tsétigiven data. For example, students can fit

a circle §&-xo)?+(y-yo)?=r2 to a number of points by minimizing the sum offledé squares.

What is the shape of a fast slide between two pdthe brachistochrone problem)?

Fia. 1: A crane bended bv a heavv load
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What configuration will a set of springs take astrevhen a given force is applied. A real world
application is the deformation of a crane underaall(see Fig. 1).

The brachistochrone example can be solved in a stanplgebra system by the following small code.
The slide is approximated by a polygon line withpgaints:

n:=50 /l Number of points
ya:=0.0 /[ Start in point (0,ya)
xe:=3; ye:=-1 // End in point (xe,ye)
vi=y -> sqrt(-2*9.81%y) /I Velocity in height y
ttime:=sum( 1/v(0.5*(y[i]+y[i+1]))*
sqrt((y[i]-y[i+1])"2+(xe/n)"2), i=0.. n-1)
/I ttime=total time= Sum over all times in the inte rvalst=1/v*s
f:=subs(ttime, y[0]=ya, y[n]=ye) // incorporate end point values
ys:=NEWTON(term,[y[1],...,y[n]].[-1,...,-1]) // find O ptimum

The result plotted as line is shown in Fig. 2.
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Fig 2: A numerical approximation of a brachistcmie
A slight generalization is constraint optimizatidiith this technique, only a subspace that is e@efin
by a set of equations is searched for the minimAugimple example is that of hanging chain.
Again, the method of discretization is importantheT chain is approximated by points
(X,Y;),i =0.n. The quantity to minimize is its energy which fetsum of the energy of its

segments and the energy of each segment is propalrto its length (which is in turn proportional t

n-1
its mass) and its middle heigHE = Z\/(xi =Xy )P+ (Y — Via)? EP%
i=0

n-1
A constraint results because the chain has a feagth: L = Z\/(xi =X )2t (Y~ Via)? -

i=0
Either one uses a specializes optimization algaritor constrained problems or one adds a penalty
term to the objective function (with p a “large” mber, say 100) and minimizes the following
function:

f= i\/(xi =X )2t (Y — Vi )? EP% +/J[€L _i\/(xi = X1 2 (Y - yi+1)2j

The result, as shown in Fig.3 clearly shows tham@ging chain is not a parabola.
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Fig 3: A hanging chain
Summing up, we see that working with optimizatidgoathms gives students opportunities to work
with expressions, functions, equations, to modal weorld situations, to apply the fundamental ideas
of applied mathematics and to see how computefsuledion power can be used to solve nontrivial
problems.
Simulating Heat propagation with a spreadsheet
In this section we shift from optimization to diféatial equations but in a form that takes out nodst
the analytic obstacles.
A simple experiment shows that the temperatureoafes hot object decreases and its temperature
approaches the temperature of the environment. Dataeasily be collected and entered into a
spreadsheet. While Temperature is a function of ¢batinuous independent variable tine
measurement introduces a discretization and thisbeacarried over to the model. Between points in

time t.; andt; the temperature decreasds; =T, —coolingdown. The cooling down will be large

if the time step is large and if the differencetie temperature of the environmert is large:
T'+1 :Ti - At q-ﬂ _TE)E:

I
The parameter is chosen so that the calculatedeieype fits the experimental data well.
Now we shift interest from one body to two conndctdies, one hot, the other cool. Similar

consideration as above show that now the temperatifference to the neighbor is relevant:

Toeq = Tog + (Theignoor — Tow) [K. Again, this can be calculated easily in a spreeels or any

programming language. And it opens the possibibtyook at a really nontrivial example: The heat

propagation in a rod, e.g. the metal of a pan &tgnoh a hot oven.

Now space is discretized, i.e. the rod is madefugelts that interchange energy with its neighbors:
[T1|[T2| T3] .| Tn|

The change of energy of théh segment isAE, =k [(T,,, —T.) LAt + KI{T,_, —T.) [At.

The development in time is described by a secodexp As above:T, ;,, =T, +%HSEi . Putting

i,j+l i

this together and setting=%mt yields T, ;,, =T, =clT,,; - 2T, +Ti_11j) which is easy to

calculate. At timej=0 all initial temperature§,, must be set and at the left and right border the
temperature must be pre-described for all timess{emy. a hot and a cold end of the rod). Then all
middle values can be calculated uniquely.

This example shows that with rather basic calooetia nontrivial example of a process in space-time
can be calculated. This provides students withotopypical idea about how similar processes can be
calculated, an example being weather forecast. dbvious, that a weather model must include much
more details (three-dimensional space, not onlyptrature is important, not only heat transfer but

also convection, etc.) but nevertheless the fundéetheleas of CBM are the same.

Digital Image processing

Digital images are encoded as a matrix of pixets.dray scale images each pixel is characterized by
a single number, its brightness. Thus a gray sd@gal image is exactly the same as a matrix in

mathematics. One may apply a function to each dotiypcrease or decrease brightness, contrast or
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even to turn an image to its negative. This invslealy easy algebra. However, usually one has to
write programs to do this. To eliminate this difity | wrote some Java applets that are accessible
my webpage (http://www.math.uni-frankfurtde/~oldanl¢only in German)) overcome this problem.
Students can perform various operations by spegfghe mathematics transformation functions.
Examples are shown below in Fig. 4 and 5.

Studying these image processing algorithms intreslustudents to computer based applications of
mathematics that brings out all the fundamentasdiescribed above.
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Fig 5: Example of a calculated local displacement
Conclusion
The examples presented here can only give a raleghdbout what can be done in math education in
high school when the computational power of todagsiputers is utilized as a problem solving tool.
Almost all applications can be boiled down to siengbrms that illustrate the principles and
fundamental ideas of CBM. We believe that this $th@ive students better insight into the role of
math and computers in our modern society and weaxghat this influence could be demonstrated
empirically by observing a change in the studemtsithematical belief systems. Although this
sketches a plan for future research, it shoulddiet@d out that the topics given here and somersthe
have already been taught successfully in high dchoo
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