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Abstract Working with problems and making investigationsars activity one has to learn already
very early. Therefore in primary school childremsld not only learn concepts and solve given tasks.
They also should find out knowledge and reasonshbynselves. Here you will find some problem
fields in elementary arithmetic within childrenmimary school can make different investigationd an
find as well as give reasons for special statemdrite topics concerned are partitions of humbers,
sums of consecutive numbers, figured numbers, seggeand chains, table of hundred and number-
walls.
I ntroduction
Working with problems and making investigationgisactivity one has to learn already very early or
better said one has to preserve it from early bbitdl. Therefore in primary school children should
not only learn concepts and solve given tasks fample with using algorithms for computing with
natural numbers. They also should find out knowdedgd reasons by themselves and see that one can
find different ways to work on a problem. The engikdies here on “find” and there are many things
you can find out within mathematics already in @iynschool. Such discoveries may be not new for
the teacher, it is only important that the childese it as discovery from their own. But sometimes
even children can make discoveries nobody has thef@re or find a theorem for which nobody
knows a proof until now. This all together can sittarmore correct view of mathematics and support
general aims like mathematical creativity or apitf structuring. Moreover from theory of learning
we know that people keep things best by makingodisiées and find connections by themselves.
In primary school mathematics there are many theshiédren can work on by themselves. Here there
will be named som@roblem fields which start with a generating problem and by vagyspecial
aspects can lead up to different mathematical kedgé and conjectures.
1. Partitionsof numbersin grade 1 or 2
One aim of arithmetic in grade 1 is to get goodvidedlge about the first natural numbers especially
the connections between them. From empirical éxpees we know that most children entering
school know the numbers from 1 to 10. So after seguhis knowledge already in the third or forth
week in school it might be a good idea to let théddeen work on a little problem field concerning
sums. For this we give every child a set of Sefl@an 6 and 7) concrete elements with the tagintb
all possible partitions of this set and to find on this way (from enactiwia iconic to symbolic
working) all sums the given number can be split into. While discussing the results in the whole group
with structuring them (by help of the teacher) weld get the following sums:
5=1+4 =243 and 5=1+1+3 = 1+2+&l & = 1+1+1+2 as well as 5 = 1+1+1+1+1
6=1+5=2+4=3+3 and 6 = 1+1+4 = 1+2+3 = 2+2R 6 = 1+1+1+3 = 1+1+2+2 and

6 =1+1+1+1+2 aswellas 6 =1+1+1+iH1
7=1+6=2+5=3+4 and 7 = 1+1+5 = 1+2+4 = 1+3+B+2+3 and 7 = 1+1+1+4 =1+1+2+3

and 7 = 1+1+1+1+43 = 1+1+1+2+2 and 7 = 1+1+IP+ as well as

7 = 1+1+1+1+1+1+1
We are completing this with the partitions of thenbers 2, 3 and 4 (here each child can be asked to
find all sums by itself):
2=1+1
3=1+2 and 3 =1+1+1
4=143=242 and 4 =1+1+2 aswell as 4 = Il
By looking at the results the children can find &itdt that the number of sums is increasing if the
basic number is rising up. This of course everybeduld expect. But the amount of simple sums (i.e.
partitions in only two parts) is the same for aerenumber and its following number and always half
of the even number. A reason for this some of thillien can find by themselveand clear it with
the others. The amounts of triple sums and so oeme can notice but not find reasons for them

! The reason has to do with the rule of commutatifar the addition which some of the children attgaan
explain on concrete examples | suppose.

% This is a problem for mathematicians within numtherory. The above notations give a hint to finsbiution
e.g. for triple sums by looking out first all trgpsums with 1 as beginning number, i.e. 1+1+(r£22+(n-3), ...
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The children in this stage can produce a tableleawh to work with tables via questions like “How
many sums of four parts do have the number six®ByTdiso can make conjectures (and give reasons
for that) like: “For any basic number we can maksum consisting only of ones and this is possible
only in one way” or “For any basic number biggearil?2 we can make a sum consisting only of ones
except one two and this is also possible only ia way” And they also can contradict the conjecture
that in each row going from left to right the ambisnincreasing (see especially the row of 7).

Basic simple sums with | sums with | sums with | sums with | sums with | all sums

number | sums three parts | four parts | five parts six parts seven parts
2 1 - - - - - 1
3 1 1 - - - - 2
4 2 1 1 - - - 4
5 2 2 1 1 - - 6
6 3 3 2 1 1 - 10
7 3 4 2 2 1 1 13

2. Sumsof consecutive numbersin grade2or 3

Another problem field with opposite handling cout@ the working withsums of two or three
consecutive numbers. We start with 1+2 =3, 2+3 =5, 3+4 = 7,4+54 9 and can discover the
following statement: “Only odd numbers do appearresults for all conceivable sums of two
consecutive nhumbers”. A reason for it can be foimdifferent ways. For example we start with the
above given four first sums. Then always the nexrt gets two more - one for each part — so that we
can reach only odd numbers. Or one can say thatbmeecutive numbers always consist of an even
and an odd number and the sum of an even and anwdder always is an odd number. We also can
represent the two parts of the sum as rows of whish have nearly an equal length, only one has one
dot more. So the sum is an even number plus ogeitiis an odd number. All these named reas@it st
with concrete examples but then lead to argumehishnaare independent from these examples and hold
for all natural numbers.

We get a different conjecture if we take the sunthoée consecutive numbers. Starting with 1+2+3 = 6
we always get three more. Therefore with sums i@etltonsecutive numbers we get the multiples of 3.
Moreover we can find out that the sum of three eonsve numbers always is equal to the threefold of
the middle number. For this we can find a reasostbifting one unit from the third number to thesfir
one (e.g. also in geometric representation).

After this we may look out for sums of four or five more consecutive numbers. As variation the
children also can look out for sums of only odd semutive numbers or of consecutive nhumbers within
the row of the multiple of a fixed number.

If we sort out the sums of two, three, four, five,consecutive numbers starting always with 1 then w
find the sequence of the so-called triangle-numipish lead us to another problem field.

3. Figured numbersingrade3or 4

If we represent a number in a set with dots delitircles in geometrical shape then we speak of a
figured number. Most well-known are the square-naersbwhich can be represented in a squared
shape. Also known already with Pythagoras arerthegle-numbers which built an isosceles triangle

or a right-angled equilateral triangle dependindt@nlocation of the dots.

Square-number o o o Triangle-number ¢ or .

For the symbolic representation of these figunaihibers children easily find out that

until 1+(n-1)/2+(n-1)/2 if nis odd and until 1+@)/2+n/2 if nis even. Then all triple sums witas beginning
number like 2+2+(n-4), 2+3+(n-5), ... and so on.

In elementary combinatorics one can find that f@ humber P(n/m) of partitions of a natural nunmfén m

parts (with r= 2 and re m) the following formula holdsP(n/m) = P(n-1/m-1) + P(n-m/m). Together with the
above found numbers we now can find the some naxbers like P(8/3) =5, P(9/3) =7, P(10/3) =Rg11/3)

=10, P(12/3) = 12 and so on. For all numbers 85<l could prove that for P(n/3) the explicit forlau
[(n2+3)/12] holds whereat [ ] is the floor functifmom C.F. Gaul3.
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- square-numbers are numbers like @M, 22, 3B, 44, 50b, ... ,

- triangle-numbers can be described as 1, 1+2, 1+2+3, 1+2+3+4,

By putting the figures afwo triangle-numbers together they also can find out that e.g.

2[01+2) = 2[B, 201+2+3)=3H, 2[01+2+3+4) =4b, 2[01+2+3+4+5)= 9B, ... or that the

figures oftwo consecutive triangle-number s together built a square-number like

1+(A+2)=2AP, (1+2)+ (1+2+3)=8BB, (1+2+3)+ (1+2+3+4)=1H, :

With looking at the square-numbers we e.g. can dintd(and see at the figures) that tliiéer ence of

two consecutive sguare-number s built the sequence of odd numbers, at which amyragnber is equal

to the sum of the two basis numbers (or to the doabthe smaller basic number plus one), i.e.

2[R -101=3=2+1, IB-2[R=5=3+2, U -3[B=7=4+43, 3b-4MU =9=5+4, ...
=21 + 1, =P +1, =dB +1, =d% +1,

From this we can find out that a square-numbetbgaseen as sum of odd numbers like

101 =1, AP =1+3, IB=1+3+5, 44U =1+3+5+7, %b = 1+3+5+7+9, ....

A sum of two consecutive square-numbers thus can be described also as sum of odd numbgch w

first increase and then decrease in the followiag:w

101 + 202 = 1+3+1, 2R+ 303 = 1+3+5+3+1, &B + 4[4 = 1+3+5+7+5+3+1, ... . This

symbolic description leads us to the following figd description:

If we puttogether a square-number and the triangle-number with side-length one less than that of the
square-number then we will get afive-angled-number (looking like a front of a house) or a
trapezium-number (by using the right-angled form of the trianglesthers). The amount of its dots
can be computed in the following way:

1M+0=1, ZPr+1=5, IB+(1+2) =12, 44 + (1+2+3) = 22, 5b + (1+2+3+4) = 35, and so
on.

Building the difference of a square-number and the square-number which lies two places before it

then we get a figuredguared framewhich ¢ o or o o o e
in symbolic way with n as side-length can be de . . . .
scribed as n? (n-2)2. o o o . .

Parting these frames into the sides (each withoetvertex) we can find out that the sequence afethe
frame-numbers build the multiples of 4 with folad (On-1). Parting the frames into two opposite
sides (each including both vertices) and the tvestsides” (each without both vertices) then weaget
third formula for the frames: Ph + 2[0An-2).

Another task for the childrércould be the working and looking out for differesigscriptions of
triangle-frames andfive-angled-frames. Or they could look out for three-dimensional figd numbers
like cube-number or pyramid-numbers.

% In upper grades you can get algebraic equatiansaéth T, as triangle-number and, Sas square-number
youcan find 3, =20,+ S,, T3=30,+ 36, and T,=40,+ 600,, Ts,=50,+ 1005, which leads to the
conjecture i = kB, + Ty B, and T.= nT,+ TS or T,—Tom=2nm-T,.
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The children also can make investigations abditfterence-sequences of a sequence of figured
numbers (i.e. the difference of consecutive eles)ehtteresting in this context is that the differe-
sequence of the difference-sequence is constantty the triangle-numbers, constantly 2 for the
square-numbers and constantly 3 for the five-angledbers.

4. Sequencesand chainsof numbersin grade2or 3

With the question “How does it go on” or “Call thext three numbers” children in grade 2 or 3 can
be introduced into theoncept of sequences. Examples may be 1, 3,5, 7,... or 3,4, 6, %r..2, 4,
8,16, ... or 1,2,1,2,... or 5,4,6, 3, ... eggences of figured numbers. Afterwards they can
produce such sequences of natural numbers by thexasnd let find out by their neighbours the next
five numbers or the rule it was produced. Thereaatet of possibilities to build such sequences by
using only basic operations in different ways adneré are also often different ways to describe the
rule for getting some next elements of a sequema¢he example 5, 4, 6, 3, ... e.g. you could &y t
the way from one element to next isl, +2,-3, +4, ... but you also could say that the sequesce i
existing of two sequences (5, 6, 7, ... and 4, 3,)2nixed up. Moreover this sequence will stop with
its eleventh element because the following subibadtas no solution within N

A famouschain of numbers is the sequence of Fibonacci. It starts with twesand then always the
next number is the sum of the two ones directliront of it. A chain of numbers in general is defih

by its first two elements and then always the et is the sum the two ones directly in front of it
Problems for discovery are e.g.: “Given two statiumbers find the next five.” or “Find two stagin
numbers so that the fourth (or fifth or sixth) etais equal to 10 (or 50 or 100 or ...)?" “How dees
given chain change if you add to (subtract frone) finst (the first two) numbers a 1 (or 2 or 3 ...)?”
“How does this chain change if you multiply the tatarting numbers with 2 (or 3 ...)?"

For questions like these we first look at some elamwhereat always the first two numBease
given and the five next numbers are computed.

1* chain: 1,1, 2,3,5,8,13 (Fibonacci segegn

2" chain: 1,2, 3,5, 8,13, 21 (Fibonacci withfst 1)

3¢ chain: 1,3, 4, 7, 11, 18, 29 (Second chaiis plibonacci with O in front)
4" chain: 1, 4,5, 9, 14, 23, 37 (Third chainspiibonacci with 0 in front)
5" chain: 2, 2, 4, 6, 10, 16, 26 (Double of Fibori)

6" chain: 2, 3,5, 8, 13, 21, 34 (Fibonacci withd, 1)

7" chain: 2, 4, 6, 10, 16, 26, 42 (Double of swkohain)

8" chain: 3,3, 6,9, 15, 24, 39 (Triple of Fiaoni)

9" chain: 3,4, 7, 11, 18, 29, 47 (Eighth chdirsg-ibonacci with 0 in front)
10" chain: 4, 4, 8, 12, 20, 32, 52 (Fourfold of Fiboci)

- Looking at the ¥ 2 and &' chain we get the following conject(rélf in a chain there are two
consecutive numbers equal to two consecutive nusniiiethe Fibonacci sequence then all following
elements are equal to the following elements offib®nacci sequence too.” And it is not difficudt t
see the following a little bit more general conjget“If two consecutive elements of one chain are
equal to two consecutive elements of another ciain all following elements are also equal.”

- Coming out of the rule of building the chain etts we also easily can find the following
conjecturé “The difference sequence of a chain (differencevben two consecutive elements) is
equal to this chain without the first element”.

- Discussing the®i, 2 3 4" chain on one hand and th& ", 7" on the other hand we can see
that adding +1 to the second element influenceat-the third element, +2 on the fourth element, +3
on the fifth element, +5 on the sixth element aBdb# the seventh element (i.e. plus Fibonacci @ith
in front).

* And more: A sequence is not defined exactly wittyca few elements of it. So principally there aiso
different rules (with different following numbergpssible. But that is normally not a problem fas thge.

® Here we took the first two numbersand a out of the set {1; 2; 3; 4} with,& &.

® A proof or at least a plausible reason for thid(ather conjectures) some of the children may ¥iitth words
by their own. An algebraic way to handle with thekains then in grade 8 is a good way for deepealigepra.
For example if we start with a, b then the nex¢ fnumbers have the following algebraic descripterb, a+2b,
2a+3b, 3a+5b, 5a+8b. It is interesting to find tlkenbers of the sequence of Fibonacci (twice) abaie.

"In algebraic form the building role of such a ¢hii a., = &, + a,+; and thus we get.a — a+1= & .
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- Comparing the ™ chain with the 5 one and the"3chain with the 6 one and the"4chain with the
7" one as well as thé"&hain with the 8 one and the"7chain with §' one and finally the ®chain
with 10" one we can come to the conjecture that addingo+thé first element influences for the
following elements +1, +1, +2, +3, +5 (which is fibonnacci sequence agdin)

- Looking at the T, 5", 8" 10" chain as well as comparing th& 2hain with the 7 one we find:
“Multiplying the two starting elements with one nedl number yields the multiplying of all elements
with this natural number.” The®15" 8" 10" chain also can lead us to the conjecture thatirsgar
with two equal numbers we get the Fibonacci sequemdtiplied with the starting number

With these ten chains we already could make aflaiszoveries. The children later on ceary the
rule of producing chains of numbers. For example they can start with three numbers thed
produce always the next number as sum of the tbmes directly in front of it. Or they first multipl
the last element with an integer n and the el¢rnefore the last one with an integer m . The séim o
these two products (instead of the simple sum) tlsethe next element. Or they use differences
instead of sums. In grade 3 they also can changeuttiplication’® instead of addition or mix up
different operations.

5. Discoverieswithin thetable of the hundred in grade 2

Another problem field for grade 2 has to do witlsadiveries within the “table of hundred” (a table
containing all numbers from 1 to 100 structureddws of ten). With this the children can deepen the
structure of the decimal system for example by wmgllone step (or more) down or respectively right o
left with looking at the change of the numbers.yhkso could investigate all “horse-jumps” (jumgds o
a horse in chess — two steps in one direction qhasstep perpendicular to it or one step in onectdon
plus two steps perpendicular to this). A look ati@gonal row or a parallel row to it also can lead
statements.

As variation of such discoveries we can use asl@sheet of a calendar with seven columns orla tab
of natural numbers ordered in 5 or 6 or 8 coluris.also can use a table of only odd numbers instead
of the normal “table of hundred”.

6. Number-wallsin grade2 and 3

Number-walls represent a special format of tasksu ¥tart with a first row with three or four (or
more) numbers. The sum of always two neighbouringlers then built the second row. In the same
way you built the third row, and so on until yowbanly one number in the last row. The following
example starts with the numbers 1, 2, 3, 4 gindhe first row.

20

1 2 3 4

If you start in this way with numbers in the firstv this is only a special form for routine tasisit if
you start with numbers in different rows you openide field of different problems. In the following

8 In algebraic form in a general case we find dtm, a+b+(n+m), a+2b+(n+2m), 2a+3b+(2n+3m) andrso
® Children in primary school can give with examph®sl general arguments in words reasons for thisrsent.
In algebraic form we can look atnabm, (a+b)a, (a+2bjd, (2a+3bh, ... [or with a=b=1 we get n, n, 2n, 3n,
5n, ...].

9 1n grade 4 or 5 we e.g. can find out that a chednking with multiplication instead of addition arwith
starting numbers 1, n (n any natural number) goeduce a sequence with powers of n whereatxpenents
are equal to the elements of the sequence of Fisoriehe same (without the beginning 1) we get wiverstart
with the two numbers n, n. If we take the starfiagr 2, n then we will get the following sequerfneticed in
an algebraic way): 2, n, 2n, 2n2, 22n3°2%n°, ... (again with the numbers of Fibonacci)!
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example you only have to work back. You can malkemdint considerations by starting with less of
these given numbers.

20

1 4

- If you erase the 1 in the last row the numbahalso is determined with the same solution bseau
in the first field of the second row you find thhere must stand 3 and below of the three you ca
onlyhave 1,2 or 2, 1. If youtake 2,1 thlea bottom row comes out with 2, 1, 4, 4 whicldeto

a 8 right of the 5 in the second row and a right of the 8 in the third row which stands in
contradiction to the 20 in the top row. Withosing an argument of contradiction you also will @m
to the same solution if you work back and findtfitee 12 right of the 8 in the third row than3
and a 7 in the second which produces first @ &e third field of the bottom row and then air
the second field of the bottom row and finally #ti@ased 1 in the first field of the bottom row.
(Similar consideration you can make if you erage #h instead of the 1 in the bottom row.)

- If you erase land 4 in the bottom row then you have two differsalutions. There are of course
also different solutions if you erase two other bens or even all numbers except the 20 in the top
row. If you only replace the first 1 with anothmrmber then - as already discussed - you wilhget
solution.

You see that by varying the given task you get @lem field with different types of problems
including also tasks which may have more than @hetisn or no solution. And you can differentiate
for different abilities of the children by usindfeirent givings as well as different large numbexia:
Good children also can find variations by themsslve

Moreover the children can make experiences in thectibn of functional connections. For this we
will discuss some examples:

- If you add in the given bottom row of a numberveafixed number to the first (or last) number so
this fixed number also has to be added in the isplun the top row. But if you add this fixed numbe
to the second (or third) number in the bottom rawsu have to add the triple of the fixed number to
the solution in the top row.

- If you double (or triple ...) all numbers of thettmm row then all other numbers are doubled (or
tripled ...) too.

- If you take in the bottom row a fixed number htpmsitions then in the second row you will find
always the double of this number, in the third tbwe fourth of the bottom number and in the top row
the eighth of the given number in the bottom rowatige the powers of 2).

Another variation of these number-walls you get if you use multiplication instead of aduit We
then will speak from “multiplication-walls”. Thissiof course possible only in grade 3 or later after
being familiar with multiplication of bigger numisebecause the numbers rise up very fast. In the cas
of given numbers not only in the bottom row youlwiét a lot more tasks which have no solution
because many divisions have no solution withinsiiteof natural numbers.

It is of course also possible to mix addition, sattion and multiplication. But then it is better t
change the wall to a tree (often used together witlid problems) where we have beside the
rectangular fields for numbers also round fieldstfie operation.
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