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Abstract
This paper combines data from two different intéiomeal research studies that used problem posiaaatyzing
elementary teacher candidates’ understanding ioihatnumbers. In 2007, a mathematics educaton fie United
States and a mathematician from Northern Irelafidioorated to investigate their respective elemgrteacher
candidates’ understanding of addition and divigibfractions. A year later, the same US mathemattucator
collaborated with a mathematics educator from Sdditita on a similar research project that focuselkly on the
addition of fractions. The results of both studibew that elementary teacher candidates fromhttee different
continents share similar misconceptions regardiegaddition of fractions. The misconceptions #ratrged were
analyzed and used in designing teaching stratégiesded to improve elementary teacher candidates’
understanding of rational numbers. The reseasmhalggests that problem posing may improve their
understanding of addition of fractions.

Introduction

Research conducted over the past three decadddgs@widence of the difficulties that many
elementary teacher candidates experience witmtimumbers [1], [2], [3]. The international resdga
project described in this paper concurs with paséarchers about the importance of identifyindetel

of mathematical knowledge that should be requiféfdtare teachers [4], [5]. Besides acquiring
procedural knowledge, elementary teacher candidatiss also exhibit a deep conceptual understanding
of rational numbers to adequately teach their Rugiudents. Identifying understandings as well as
analyzing student errors to determine their misestdadings is critical in preparing candidates for
teaching [6], [7]. Additional rational number raseh also shows that teaching number sense helps
learners to understand mathematical symbols btimglthem to referents that are meaningful to them.
Connecting instructional examples to real life eigeces, thus, is extremely important in overcoming
difficulties and in developing conceptual underdiag [8], [9]. It is also suggested that futuredieers
should be able to pose a valid problem for theinreielementary students that can be solved by sin
particular arithmetic operation. By doing so, thelf exhibit a deeper understanding and be morelyik
to help their future students develop their ownarsthnding [10]in the two studies described in this
paper, mathematics educators from Northern IrelSodth Africa, and the United States were involved
in similar research projects where the mathematiceator from each country asked their respective
elementary teacher candidates to write problemthfsr future students regarding operations with
fractions. The findings of these studies demorestitad understandings as well as misunderstandings
regarding addition of fractions that were exhibitlgdthe elementary teacher candidates from each
country.

Fractions Research by United Stated\orthern Ireland, and South Africa

During the spring of 2007, two mathematics edusatam Northern Ireland (NI) and the United States
(US) asked their respective elementary teacheridates to pose problems involving addition (and
division) of fractions [11]. Six elementary teackbandidates from NI and 34 US elementary teacher
candidates were included in this initial study.

In the spring of 2008, the same US mathematicsaducollaborated with a mathematics educator from
South Africa on a similar research project thauisd solely on the addition of fractions. Theree 6
elementary teacher candidates from SA and 18 additiUS subjects in this second study.

The research that was used is grounded on prerésaarch that also involved problem posing with the
addition and multiplication of fractions [12], [13h these two new international studies, elemgntar
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teacher candidates were asked to relate the prehit@hthey posed to real life experiences thatavbe
appropriate for their future elementary students.

The following problem was completed by 84 subjéttsoth studies.

Write a story problem where students in the eleargrgrades would add % + %2 to complete the
problem.

Description of participants

In the three countries involved in the studiessabljects were current elementary teacher candidate

the universities of their respective researcheringuhe 2008 study, the SA and US teacher canelidat
were simultaneously taking courses that includedlai mathematical concepts: whole numbers,
fractions, decimals, percents, ratios, and propasti The NI subjects did not have a similar cothiaé
reviewed these concepts in their curriculum. Alldubjects, however, had a concentration in elemgnta
mathematics and were in the senior year of theication program, where the US and SA subjects were
both beginning their mathematical studies, and mesr@ concentrating in mathematics. All three
countries used the English language in instrudtiedy courses, but the SA subjects were uniqukdh t
73% of their subjects did not use English as tfisit language (19 out of 26).

Cultural Differences

Mathematics is a universal language, and the proesdor adding fractions are the same, however, in

the analysis of the problems, some differencelerctiltures of the US and SA emerged in the
researchers’ conclusions as to whether severhkgbtoblems posed were acceptable. Each researcher
had first analyzed the problems from their own ¢oyrand then analyzed the problems from the other
country. When comparing the results, there weversé problems in which the researchers initially
disagreed. For example, in SA, margarine is uswsallgt in 250 g, 500 g, and 1 kg blocks, but inltg:
margarine may be found in % cup sticks. The SRaesher rejected the example below because she was
not familiar with “sticks” of margarine, but “stisk are appropriate for the US culture.

Mrs. Newton is baking cookies. The recipe callsifeup of margarine. Her husband, Mr. Newton, will
sometimes open a new stick of margarine beforghiimi the old one. So Mrs. Newton has 2 usedsstick
of margarine. One is %z ¢ long and the other is BBng. Does Mrs. Newton have enough margarine to
make her cookies.

The US researcher rejected the problem below regaldaves of bread, as loaves are not a standaed s
in the US. The SA researcher explained that loafeésead are a standard size and can be considered
nonstandard, but informal unit of measurement in SA

In this story is very poor family, with sick mothabsent father, and 3 children. The mother wasieg
because there only % loaf bread left, but she maraget some bread, it was % of a loaf. So howhmuc
bread do they have now

After cultural differences were explained, researstwere in agreement that problems regarding the
differences in the cultures should be considered@able.

Analysis of the Results from the Three Countries

In the first analysis of all of the problems thatrev posed, it was immediately noticeable that foed
mentioned in a high percentage of the problemsblBPms from all countries included categories of
pizza, sweets, fruit, and, uniquely from South édriloaves of bread.

In a deeper analysis of the results of the addjimblems, the researchers found that those whtewro
acceptable problems had two basic similarities.

102



The first similarity in posing acceptable problewes that the teacher candidates from all threetdesn
exhibited number sense that was sufficient to zedhat the sum of the two fractions (1/2 + ¥4)risager
than one and that two wholes were necessary, astibatincluded in their problems.

The second similarity in the acceptable probleramfSA and US was that the teacher candidates
displayed an understanding that referring to twailar unit wholes for both fractions was requirblihne
of the NI subjects made reference to equivalenti@gdout all of the problems written by the NI teec
candidates included two wholes, which showed th&tlasubjects exhibit sufficient number sense that
the sum of the fractions is greater than one.

Findings from Unacceptable Problems

Difficulties in writing the problem in all three natries were similar in regard to the referent veholrwo
themes emerged in analyzing the misconceptionseofihacceptable problems.

First, teacher candidates did not stipulate thatwtholes being added are the same size and shape.

Kim has half a cake and Jamie has % of a cake. Maeh cake is there altogether?

.. Students did not indicate that half of the &atke and 3. of the unknown size of the

right cake should not be added since they areheatdame size. Since a cake is not a standardfunit
measurement, the researchers agreed that fordb&epr to be considered acceptable, the writersidhou
include that the cakes are of a uniform size. Whiter, however, indicates an understanding of ineim
sense that the sum of the fractions is greaterdhansince two cakes are identified in the problem

Jack and Jill had just gone trick-or-treating. Theealized that if they added their candy togetthery
would have more. Jack’s bag was % filled andsliVas % filled. When they combine them together,
how many bags of candy will they have?

Here we are unsure if Jack and Jill have the s@meebags for their candy, thus adding the candgttogr
may not be appropriate.

The second misconception that emerged in the dealf/the candidates’ problems was that SA and US
teacher candidates had not acquired sufficient eursdnse to realize that the sum of the givenifnast
is greater than one whole.

In Mrs. C’s class, %2 of her students got A’'s ontdst, and % of her students got B's. How mangestts
got A’'s and B’s?

My class teacher bought us Pizza, she then gawebéys and % to girls. After we have eaten shk tol
that the other pieces will be shared the followily. How many pieces were there altogether?

Each of these problems could not be modeled irldife situation since the sum is greater thanione
each situation. Acquiring such number sense issgary to pose a realistic problem.
Findings from Acceptable Problems

Examples of acceptable problems that show undelisiguof number sense are presented below.

You have 2 pizzas that are exactly the same ¥iaa.give one pizza to your friend and you eat @iie h
of your pizza. Your friend eats % of his pizzawHnuch pizza did you both eat together?

Brian Habanna goes to Debonaires and orders ongdddawaian pizza and one large chicken pizza. He
eats half of his Hawain pizza and his girlfriendsea quarter of her chicken pizza. How much pidza
they have left altogether?
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Both problems also indicate “the same size” infitst problem, and an indication in the second feob
that both pizzas are the “large” size from the saeralor, and thus equivalent.

Examples of acceptable problems that show undelisiguin employing a referent whole are presented
below. When students included a referent whotééir problem, many problems included standardsunit
of measurement in the problem so that the sum,hnikigreater than one, was appropriate for a ifeal |
situation.

You are helping your grandma make cupcakes. $be/tei to add Y2 cup of flour, then add % cup more.
How much flour did you put in total.

John ran ¥z mile in the race for life on Saturd&ue ran ¥ mile, how many miles did the run all?

If your mother tells you that you can spend % ofauar at your friends house. Then you need to come
home and get ready for school which will take yoari/our. In fraction form, how long does it takmiy
to visit your friend and get ready for school?

Standard units afups miles,andhourswere used in the problems above and easily makefus
familiar standard referent whole. In using theges$ of units of measurement, however, it was not
evident if the students considered if the sum efttto fractions is greater than one.

Acceptable problems were also written that inclode-standard units of measurement, as the following
example from South Africa.

Dad gave John % of a peppermint chocolate and S#saha peppermint chocolate too. How much
chocolate(s) did dad have in total?

Response to Findings

In the first study none of the problems posed leyNbrthern Ireland elementary teacher candidatés an
only 20% of the US problems were categorized as@eable prior to instruction but all NI candidates
showed knowledge of number sense. In the secaedureh study, four (15%) of the South African
problems and seven (39%) of the US problems weegjodzed as acceptable prior to instruction. @f th
84 subjects in the two studies, only 21% were @blerite an acceptable problem prior to instruction

Analyzing student work has been shown to help nmathies educators reflect on their teaching and
improve the teaching and learning of mathematid$ [15]. After analyzing the elementary teacher
candidates’ problem posing work with addition @fdtions, the US researcher shared some of the US
sample research problems with her classes. A dismtission ensued concerning whether several of the
problems were acceptable. The problems were crekiected so that problems discussed were not
written by any students in that class, but werenfemother class. Problems were chosen so thatoéach
the identified themes of misconceptions was dissiisEhe classes also practiced estimating answers
regarding the sum of fractions to the nearest whole

At the end of the rational number unit, a few weaksr the problem posing discussions, when the US
students were evaluated on fractions, decimalspanent, the same problem posing item of the imadit
of two fractions was included on their unit exaAn analysis of the post test results in the fitstly

shows that there was an increase in understandaigthat 82% were able to write acceptable problems
after instruction as compared to 20% on the pret&fer identifying the difficulties of the US teher
candidates and addressing them through a difféypatof instruction than was normally employed, the
teacher candidates showed an improvement in thiityao pose a relevant problem.
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Conclusions

Groups of elementary teacher candidates from #ifflsrent countries, representing three different
continents, wrote most of their problems about atrhasic human need — food. Whether it was a gizza
a loaf of bread, similar understandings and miseptions emerged from the three countries. The two
salient themes that emerged regarding their uratetstg of addition of fractions and also their
misconceptions are number sense regarding the bthra two fractions being greater than one, and
reference to a uniform unit whole. In future dissioss, the international examples provided in this
research can be used to raise the level of therdas discussion to a global discussion by presgnti
problems from different countries. As the idegtifidifficulties are addressed, a deeper understgradi
addition of fractions may result. An improvementlie ability to pose problems was shown on the US
post evaluations, after the misconceptions wereesddd. The similarity in misconceptions held bhy al
groups indicate a possible universal need to addhesmisconceptions that emerged in this research
when teaching addition of fractions. The findingggest factors to consider when teaching additfon o
fractions with elementary teacher candidates. $tidy contributes to the research that supportashe
of problem posing to improve conceptual understagndrhe findings also alert international researshe
that cultural differences should be considerechalyzing qualitative data from different countrieso
guestions naturally arise from the results of stigly. Does the use of problem posing with elenmgnta
teacher candidates deepen their understandingdifaadof fractions? Can the use of similar peshl
posing studies in other areas of mathematics bettatify other misunderstandings for future teasfie

The author wishes to acknowledge Patricia EatornPamdela Austin for their contributions to this pape

References:

[1] Silver, E. (1981). Young adults' thinking abeational numbers. In T. R Roberts (E®R)pceedings of the Third
Annual Meeting of the North American Chapter ofltiternational Group for Psychology in Mathematics
Education(pp. 149-159). Minneapolis, MN: University of Miesota.

[2] Ball, D. L. (1990). Prospective elementary atondary teachers' understanding of divisionrnal for
Research in Mathematics Educatiph32-144.

[3] Rowland, T., Huckstep, P. & Thwaites, A. (200B)ementary Teachers’ Mathematics Subject Knowletz:
Knowledge Quartet and the Case of Naajournal of Mathematics Teacher Educati8n255-281.

[4] Hill, H. C., Schilling, B. & Ball, D.L. (2004)Developing measures of teachers’ mathematics ketye for
teachingElementary School Journdp5 (1), 11-30.

[5] Wood, T. (2005). Understanding mathematicsheag: Where we began and where we are galogrnal of
Mathematics Teacher Educatid®, 193-195.

[6] Ma, L. (1999). Knowing and teaching elementargthematics: Teachers’ understanding of fundaahent
mathematics in China and the United States. MahWah Lawrence Erlbaum, xviii.

[7] United States Department of Education. (206®undations for Success: The National Mathematibgsory
Panel Final Report. Washington, DC: United St&tepartment of Education

[8] Mack, N. (1995). Confounding Whole-Number dfréiction Concepts When Building on Informal Knovwded
Journal for Research in Mathematics Educatjet®2-441.

[9] Mack, N. (1990). Learning Fractions with Undargding: Building on informal knowledgéournal for
Research in Mathematics Educatiph6-32.

[10] Conference Board of Mathematical Sciendd¢se Mathematical Education of Teachers PaRrovidence,
Rhode Island: Mathematical Association of Amer2@200.

[11] Carbone. R. E. & Eaton, P. (2008). Prospedi@achers’ knowledge of addition and division afctions,
Proceeding®f The International Congress in Mathematics Edioce 11, Monterrey, Mexico.

[12] Parker, M. S. (1996, April). Prospective Tearti Knowledge of Referent in Two Complex Areasdiibn of
Fractions and Percent Greater than 100, Americaic&tnal Research Association Meeting, New YorK, N
[13] Craig, D. (1999). Preservice elementary teeshgroblem posing and its relationship to mathéraht
knowledge and attitudes. Oklahoma State UniverBiigsertation AbstractSAAT9963550.

[14] Kazemi, E. & Franke, M. L. (2003)sing Student Work to Support Professional Devetoyirim Elementary
MathematicsA CTP Working Paper. University of Washington @erfor the Study of Teaching and Policy.
[15] Cameron, M., Loesing, J., Rorvig, & Chval, B.. (2009, April). Using Student Work to Learn abdeaching,

Teaching Children Mathematids, (8), 488-493.

105



