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Abstract
For several decades, there have been a varyingerunftbooks on Calculus following the classic lofe
mathematical thought, where Mathematics is taughef¥erybody by means of rigorous definitions, theo
rems, and carefully detailed and extensive dematistis. For mathematical education into the XXI Cen
tury the students need to achieve ability in hangdbf present mathematical tools and concepts fren
beginning of their courses. These needs can bewathitoday by means of a paradigmatic change in the
focus of mathematics teaching: to learn to devaleps and to experiment and test those ideas mwsag
that students can verify their own inferences.hiis paper we report an educational research irhiregc
and learning functions models according to a nekagigm in hands-on experimental mathematics, with
applications in the real world, i.e. sciences amgireeering by using Computer Algebra Systems. Tindys
of functions is presented, focused into the franoh@xploratory Learning Systems, where studerdsnle
by means of the action and their participationtiritiis designed for teachers working togethethvetu-
dents in a computer laboratory like hands-on wasksktype activities on other sciences. In this wtay
dents have a more “alive”, “realistic” and “accé#si touch in Calculus.
Introduction
For several decades, there have been a varyingeruwhbooks on Calculus following the classic lofe
mathematical thought. Without minimizing the quabf the books, and their authors' authority, timie of
thought has nonetheless had serious difficultidseing understood and learned by most studentatafad
sciences, engineering, economic sciences and b on
The Mathematical Education into the XXI Century
Students need to achieve ability in handling obpré mathematical tools and concepts from the bagin
of their courses without getting lost in the labyhi of demonstrations and tests. These needs €an b
achieved today by means of a paradigmatic chandkeiriocus of mathematics teaching, particularly of
Calculus. Students should assimilate the methoddogf experimentation, simulation, and graphical i
terpretation in problem solving. For several yeaw, the interactive graphing and calculation faes in
“Computer Algebra Systems” (CAS) such as “M&pléMathematicd” “MATLAB ®”, and online soft-
ware releases like “GeoGebra”, have been availdlile.use of such computer assistance in Mathematics
is equivalent to the use of telescopes in astrononof microscopes in biology. These tools do nqi&n
the facts, but show new possibilities. This math@erahapproach facilitated the discovery of neweséhl
bodies, and of the effects of mass, gravity anelacation in space-time. The experimental matharakti
approach is maturing and promises extraordinargfigal effects® 2.
New focusvision concer ning mathematical education at the laboratory
In order to prepare students for tMathematical Education into the XXI Centuan educational research
group on experimental mathematics has been creatddd Argentine National Technological University.
Since many years ago, a complete set of presemsatiointernational congresses in Latin Americaehav
been performelf®. Based on this new paradigm, we have elaboratedlection on topics of Calculudn
particular, in VOLUME 1, a study of functions isgsented, focused into the framing of Exploratory
Learning Systems. We have selected a few of thed/aumber of tools available in the market for irse
mathematical applications.
A group of model functions is selected: lineal, dpadic, exponential, logarithmic, harmonic, andquic non
harmonic. The structure of each description is comm

1. Experimental Study of the model (Assisted by thésnatica”)

2. Complementary Experimental Activities

3. Experimental Study of the model (Assisted bydGebra”)

4. Integrating problems

5. Numerical and graphical applications
A short series of activities are described in thilWving paragraph.
Results
A complete book on Functions has been designedsareddy for publication. Some activities contaiired
this book are shown below, derived from specifated problems.
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Linear model. Representation with Mathematica

Activity 1. Relationship between Fahrenheit andstsl scales

The water freezing point is 0° Celsius scale, a2fdRahrenheit scale. The water boiling point is°106l-
sius scale, and 212° Fahrenheit scale.
Which are the incremendC and4F between the water bowling point and freezing pwmirboth scales?

Which is the relationship between both increm%%S?

Find the relationships between both scales °C yoe#g °C the independent variable. Draw a graplocs
this relation. Complete the following Table.
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Table 1. To be completed after experimentation.
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Figure 1. Ex-
perimental rela-
tionship
between Fahren
heit and Celsius
scales.
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Quadratic model. Representations with GeoGebra &tathematica

Activity 2. Representation of the “Security Curve”

Find the equation for the “security curve”. For &é&d initial projectile velocity, by changing thegle
with respect to the horizontal line, the projectilitains different altitudes. These are “limitedy the “se-

curity curve”.

altura

aleance

Figure 2. “Security curve” representation.

Figurdha is the projectile angle with respect to t
horizontal line. As alpha varies, the security eury
drawn.

ne

Activity 3. Let are three functiorfg(x) = 2x°, f,(X) =3X, fy(x) = 9. Find the sum of them and represent

them in a “Mathematica” graph. Let be the functib(x) = mxX + bx+ . Experiment with different val-
ues ofm, b andc, draw the graphics and write the surmises.
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Figure 4. Graphics
with
Mathematica

m=2, b=3, ¢c=9
Exponential model. Representations with Mathematica
Activity 4. Voltage decay of a capacitor througteaistance as a function of time

Let are a capacitor and a resistor connected iessand a power supply with a certain voltage diffee
V. As one measures V (t) as function of time onseokes an exponential - type decay

V(i) =ve ", (4.1
Wherel = R-C.Apply the definition of period T and find the rédat between it and the time constant
Tr2l-1 =In2- R-C =0,693- R-C (4.2)

Represent the function (4.1) fos ¥ 12 V and R = 200@2y C = 5uF for 5 periods T of time.

EICH]

Figure 5. Volt-
age decay as
function of time

Harmonic motion. Representations with Geogebra avidthematica
Activity 5. Coupling of harmonic motions with Get@Ge Analyze the two harmonic motions coupling rep-
resented by the following conditions. Projectiontioa x- axis of two vectors of different amplituthest

rotate counterclockwise with the same frequencly iphase difference = n/3 (Fig. 6).

A =3 Ay=4 a=80 t

Figure 6. Projection on horizonta|
axis of two vectors which differ irj
. magnitude and phas#3, with
A q same frequency. They are coupled

\z /\\ to the sum vector, which rotates at
BN AR AY 1/ the same frequency. The projec-
tions on the horizontal axis of the

three vectors are represented as|
function of time.
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Activity 6. Mathematica representations

A person is at a Park Wheel. The projection onytheaxis of its position is represented by a fuorcof
the type y(t) = sin(t).

Find the time elapsed between two successive adpiositions. Define the function period T.

Let are the functions y(t) = 2.sin(0.5t%) and y = y(t) = 2.sin(0.25t7/ ).

Which is the period for each function? How are thedgted with respect to the former function

y (t) = sin (1)?.

Find a general harmonic function comprising ampliguA, period T, the relation betwearand T and ini-
tial phaseq . Find its graphics with specific values of eachiafale.

wiE)

y(®) = sin (1); y(t) = 2-sin(0.5t & )

Figure 7. Graphics.
Periodic non harmonic function. Representations WwiGeogebra
Activity 8. “Tangentoid”

A laser beam rotates vertically and impinges a.wallangle made by the laser beam and a horiztnéal
is defined as alpha .Changing the angle, segmaeritseowall with different “heights” are obtainefiohe
represents these segments as a function of alpbagais the “tangentoid” (Fig. 8).

y(®) = sin (1); y(t) = 2-sin(0.25%, )

4_

G=(10.04,0.71)

Figure 8.

“Tangen-

1 toid”

o Graphics
7 of the
Iy projections

‘ obtained by

changing
the
a angle.

Transfer of the model to different environments

One of the main concerns the research group hasdisseminate the results in such a way that tbase
be grasped by teachers, students, graduate schodlseachers” careers.
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A great effort in this direction has been doneaoiging local seminars, workshops, and confereras.
the other hand, typical “hands-on” workshops fortheanatics teachers at the Technological University
have been organized in the last years and for sacgrschool teachers as well. Many conferences and
workshops in Latin American Countries have beearmred*?.
Special publications in Spanish, named “ExperimieMathematics Notebooks” have been distributed
among several secondary school teachers.
Conclusions
We report some results of an educational researdhaching and learning mathematics carried out for
several years, according to a new paradigm in hand=perimental mathematics, with applicationthia
real world, i.e. sciences and engineering by uSlogputer Algebra Systems. A complete book on Func-
tion models has been developed according to thgeabwentioned paradigm. The experimentation with
university level professors and students, as wellvith secondary school mathematics teachers texs be
carried out in the last years. A feedback from ¢hegperiences has been incorporated by our research
group, and we can state that this “new” paradigs liegen assimilated and welcome from both, teachers
and students.
In this way, a contribution to the actions on mathé&cal education into the XXI Century is presented
highlighting the importance that students needctoeve ability in handling of present mathematicalls.
We claim that with this contribution students havenore “alive”, “realistic” and “accessible” toudh
Calculus.
Nevertheless, a real reconversion of mathemateahing is still very distant. Many books of thackiwe
present here have to be written and disseminatadigger scale. The fundamental action must beeron
trated in teacher’s professional careers. As ampia we highlight the thorough efforts done by \Na-
tional Science Foundation and the U.S. Nationald&oay of Sciences on STEM (Science, Technology,
Engineering and Mathematic4y.
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