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Abstract
This paper describes some results of a researdly stuconjecturing and proving in a dynamic
geometry environment (DGE), and it focuses on paldr cognitive processes that seem to be
induced by certain uses of tools availableCabri (a particular DGE). Building on the work of
Arzarello and Olivero (Arzarello et al., 1998, 20@ivero, 2002), we have conceived a model
describing some cognitive processes that may oduating the production of conjectures and
proofs in a DGE and that seem to be related tasleeof specific dragging schemes, in particular
to the use of the scheme we refer tonasntaining draggingThis paper contains a description of
aspects of the theoretical model we have elabofatedescribing such cognitive processes, with
specific attention towards the role of the draggingemes, and an example of how the model can
be used to analyze students’ explorations.

Introduction

Research has shown that the tools provided by dgngeometry systems impact students’
approach to investigating open problems (Silve@5)9n Euclidean geometry (for example, De
Villiers, 1998; Laborde, 2001; Mariotti et al., ZD0Arzarello et al., 1998), and also that such
tools can be motivational for students in problestviag (Goldenberg, Cuoco & Mark, 1998;
Hadas, Hershkowitz & Schwarz, 2000). The innovatgpect of dynamic geometry software
with respect to the traditional paper-and-pensilthiat the figures are “dynamic”. That is, points
can be dragged along the screen, so that duringrtdoess the properties according to which the
construction was made are maintained. In a DGEygiing can be done by the user, through the
mouse, which can determine the motion of differebfects in two ways: direct motion, and
indirect motion. Thedirect motionof a basic element (for instance a point) reprisséne
variation of this element on the plane. Thnglirect motion of an element occurs when a
construction has been accomplished. In this cassggthg the base points from which the
construction originates will determine the motiohtbe new elements obtained through the
construction (Mariotti, 2006).

The use of dragging allows one to feel “motion defgncy”, which can be interpreted in terms
of logical dependency within the geometrical cohtekhis becomes a key feature in the
development of conjectures originating from theestigation of open problems in a DGE. In fact
the use ofCabri in the generation of conjectures is based onrterpretation of the dragging
function in terms of logical control. In other wardhe subject has to be capable of transforming
perceptual data into a conditional relationshipveein what will become hypothesis and thesis of
a conjecture (Mariotti, 2006), a task which is ab#ll trivial. The consciousness of the fact that
the dragging process may reveal a relationship dmtwgeometric properties embedded in the
Cabri figure directs the way of transforming and obsegvithe screen image (Talmon &
Yerushalmy, 2004).

Olivero, Arzarello, Paola, and Robutti (Arzarel&t, al., 1998, 2002; Olivero, 2002) presented a
theoretical model describing how conjectures aoelpced by experts and how experts manage
the transition from the conjecturing to the provpitase, passing from what they call “ascending
control” to “descending control”, through abductpecesses. Their model shows that abduction
plays an essential role in the process of tramsitiom ascending to descending control, that is
from exploring-conjecturing to proving. Abductionides the transition, in that it is the moment
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in which the conjectures produced are written logacal 'if...then' form. Once the conjecture is
produced through this type of exploration, all thgredients necessary for the proof are already
present, and therefore this model suggests an tegdseantinuity in the process exploring-
conjecturing-validating-proving, for experts. Moveo, Arzarello and his team classified
subjects’ spontaneous development of dragging niedalArzarello et al., 2002), which have
been referred to as the “dragging schemes”.

Building on the studies described above, we (irs faper “we” refers to myself, under the
guidance of my advisor Maria Alessandra Marioteécdme interested in integrating the model
(or potentially building a new one) in order to ddse in as much detail as possible the nature of
some cognitive processes that occur when draggingnses are applied during the conjecturing
stage of open problem investigations in a DGE. Wthér hypothesized that it might be possible
to introduce students to certain dragging schemesigh in-class activities aimed at fostering
their appropriation of the schemes.

Dragging schemes introduced to students
We introduced students to four basic dragging mbelsi

* wandering dragging (in Italian: “trascinamento aa'y

* maintaining dragging (in Italian: “trascinamentontiintenimento”);

» dragging with trace activated (in Italian: “trasmmento con traccia”);

» dragging test (in Italian: “test di trascinamento”)
Wandering draggingonsists in randomly dragging a base point (dralggpoint, from which the
construction originates) on the screen. Once acpéatly interesting potential property of a
figure is detected (for example, the possibilitattla certain quadrilateral, part of the dynamic
figure, might “become” a square), the user canma@taining draggingto try to drag a base
point and maintain the interesting property obséra other wordsmaintaining dragging
involves the recognition of a particular configumat as interesting, and the user’'s attempt to
induce the particular property to become an inwvdriduring dragging. Using Laborde’s
terminology such invariant would be denoted a®fiinvariant (Laborde, 2005). Wittiragging
with trace activatedve intend any form of dragging after the tracection has been activated on
one or more points of the figure. During the introtbry lessons we only activated the trace on
the base point that was being dragged. Finallylthgging testefers to a test that a figure can be
put through in order to verify whether it has bgeoperly constructed or not (Olivero, 2002;
Laborde, 2005). During the introductory lessons used thedragging testafter having
reconstructed the figure we were investigating,irgld new property (by construction) to it that
we had hypothesized might induce the original sgangsoft invariant to become a true (or
robus) invariant. Thus the dragging test was appliedtest whether the originally desired
property was actually maintained during draggingn éxpert might say we were using the
dragging testo test a conjecture (even if it might not haverbexplicit at that point).

Model for the maintaining dragging scheme (MDS)

Let’s consider a problem of the following type: ¥@n a certain step-by-step construction, make
conjectures on a certain geometrical figure (thistea from such construction)”. The model we
constructed (and revised during the study) for eékploration of open problems of the type
described above proceeds recursively through lewelshis paper we will concentrate on the
phase that originates from experts’ usenw@intaining dragging(MD) to generate conjectures
when solving an open problem of the type above.“®gperts” we intend subjects for whom
maintaining draggingtogether with the other dragging schemes relati#td it in this phase) has
become an acquired tool with respect to the taskoohulating conjectures given an open
problem situation. To frame these ideas and givaning to the terminology used, we may refer
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to Rabardel and Samurcay (2001) and consider thaisaton of themaintaining dragging
scheme as an explorative tool that occurs throughoaess of instrumentation, leading to the
formation of a principle that becomes part of tseris knowledge. The principle (or rule), in our
case, consists in knowing that while dragging R {thse point in consideration) on sopath
(see next section) thintentionally Induced Invarianc€lll) will be maintained. Thus, the
“creativity,” for an expert user, lies in the subtioe related to the “discovery” of geometrical
description of the pattGDP).

Let us assume that the solver has encounteredtaresting configuration (frequently through
wandering dragging and decides to investigate “the conditions undkich (or “wheri) the
initial construction falls into this case,” usingaintaining dragging The general exploration
scheme can be described as follows.

1. Choice of an llllfitentionally Induced Invariangeo try to maintain during dragging;

2. Application of the maintaining dragging schemvijch presupposes the hypothesis (in the
particular case being explored) of the existenca mdth to be made explicit through the
perception of a new regularity or invariance. Wérdo such regularity as an 10D
(Invariance Observed during Dragging

3. If in fact during the exploration it seems pbksto maintain the Ill (and therefore the
solvers believe that jpath exists and search for a geometric descriptiort)pthe solvers
propose a GDP in one of two ways:

a) the solvers interpret the 10D (potentially witblp of the schemdragging with trace
activated as a curve they recognize during dragging;

b) the solvers are not able to visually perceivd@iD (even with help from the scheme
dragging with trace activatgdso they use abductive reasoning (calling intcoadtnown
geometrical theorems, rules of which the partictilgure they are interested in is a case
of) to give a geometric description of thath.

4. At this point the solvers link the Il and th@D (which now has a geometric description)
through a conditional link (CL), passing from arfosuch as “the figure is a ...when...”
to a form such as “the figure is a ...if (and onlytiiis point belongs to this curve”. In
general, this link can occur in two ways:

a) the solvers link the Il and 10D through a cdimhial link (CL) expressing it as a
conjecture (or we might say “hypothesis” in a breadse) that in their opinion describes
the “behavior” of the figure they have exploredhe(tonjecture is not a known theorem).
b) or they link the two invariants through a cormatill link (CL) choosing from their bag
of mathematical knowledge (known theorems) a réillach the situation seems to be a
case of.
In either case, the establishment of a CL is kethentransition from “dynamic” to “static”: the
final outcome of a dynamic exploration is a conjeet— that may be successively refined —
which has been crystallized into a “static” statatne
The path and its origin
The application of thenaintaining draggingscheme, for solvers who have appropriated it,dead
to the search of an invariance or regularity in th@vement of the base point being dragged.
When solvers apply this scheme and verify visu@lyd manually) that is possible to drag the
base point they are interested in and maintainlitidey have identified, they already have in
mind the idea of gath to be found, that is, a set of points on the pleuth the following
property:when the dragged base point coincides with anytpaiirthe path, the Il is visually
verified Notice that this notion is not associated to di@#lar geometric shape (or curve), nor
does it (necessarily) coincide with the mathematicéion of locus — the set @l points of the
plane that guarantee verification of the Ill whba base point is chosen from it (ih&th may, in
fact, be a proper subset of such mathematical Jodiee solvers then engage in the search of a
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geometrical descriptiof suchpath (GDP). During this stage they may choose to atdivhe
trace on the dragged base point in order to visualieentlovement in a different way. Depending
on the student’s (the one who is dragging) abilitydragging, the movement (and associated
trace if activated) will appear more or less “regul

In some cases from the movement (and trace if &eiily solvers can easily “see” the regularity
and they are able to givegeometrical descriptioof the path they have hypothesized. In other
cases the Il is difficult for the solver who isadiging to maintain, and therefore regularities are
difficult to perceive from the movement (or fromethrace, if activated). Ageometrical
descriptionof the conceivegbath is therefore given in a different way. The solvlrsk at the
figure in a “theoretical” way, and through an ahtitut, according to Peirce’s description of
abductive inference (Peirce, 1960, p. 372), com& &DP. The solvers may propose successive
more and more refined GDPs leading (ideally) to tha is aP-invariant, if P is the base point
dragged, that is invariant for dragging of the #edase point P (Baccaglini-Frank et al., in
press). Once the solvers have reached a GDP, &n twdvisually (and manually) test its CL with
the 11, they construct it as a Cabri object onittigure. There now is a “concrete” geometrical
object potentially representing tipath and that can be used to either drag the base alaing

“by eye” (“soft” dragging test or to link the base point to and veriffrqbust” dragging tes)
visually (and manually) the GDP and the CL.

The path, and the GDP in particular, seem to also playraldunental role in the proving phase.
More precisely, the GDP can be seen as a “bridggtraoof: the new relationship(s) between the
invariants (that can be translated into geometraperties of the figure), that the GDP has made
explicit during the conjecturing phase, become ikethe proving phase and solvers at this phase
can link back to them in order to successfully tares their proof.

Analysis of two students’ exploration

Activity. Draw three points A, B, C. Then construct the lthrough A and C, and construct the
parallel to this line, through B, and calllitConstruct the perpendicular line ltthrough C and
construct point D as the intersection of this pedieular line and. Drag the points and make
conjectures about ABCD. Then try to prove your eotyres.

Two Students’ Response (an episode of their explajaAfter making the construction (Fig. 1),
throughwandering draggingf the base point A the students noticed that AR©ODId “become”

a rectangle, for different (discrete) choices afipons for A. Then they saw that there seemed to
actually be “infinitely many” choices of positiofisr A. This led
them to believe in the existence gbath (see next section), and t
believe that applying the MDS would be possible arsightful.
So, with the intention of maintaining the propertfBCD
rectangle” (Ill), the students dragged A and susivedy
continued to drag maintaining the Il with the ®aactivated, as
shown in Fig 2.

The students were able to interpret the trace ge@metric way,
providing two GDPs, which also described the regiylan the Figure 0: The students decide
movement of point A (IOD) that they were observihging the to dragbase point A of the
maintaining dragging The students then proceeded to constrEfetruction.

the pathaccording to their second (more refined) geomekeiscription of it (circumference with
diameter BC), as shown in Fig 3. Once they conttuchis circumference they were not
convinced thaall of it necessarily represented their hypothesjzaith (one student proposed that
maybe only dragging A along a part of it would m&&CD a rectangle). To investigate further
and reach an answer to their uncertainty, the stadeerformed a robust dragging test, redefining
A on the constructed circumference. This led thembelieve that the Il was (visually)
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maintained for the dragging of A along tlvbole circumference,
thus confirming their CL between the Il and theDIOThey
: finally formulated and wrote the following conjectu “If A is
on the circumference centered in O (midpoint of GBgn
\ ABCD is a rectangle.”
The students then successfully proved their comjectmaking
fundamental use of the circumference (their GDRjsTs how
_ they proceeded:
Figure 2: The students are 1) D, together with A (by their hypothesis), B, a@d have to
applying the MDS with trace . . L
belong to the circumference, since the ang(@DB is right by

activated.
construction (and so it is inscribed in the semiwinference

centered in O), and thus OBDIPCOA.
2) Triangles AOC and BOD are isosceles and congruen
(OACOLTIOBD because they are alternate interior with resfmec
the parallel lines AC and BD; and therefore als® dther angles
are respectively congruent), in particullBAOCLIIBOD.
3) C, O, B are aligned by hypothesis; while A, Oai@ aligned
becausé ]AOCLTIBOD and thus vertically opposite angles (since
: C, O, B are aligned).

Figure 3: The students 4) Therefore ABCD is a quadrilateral with diagontilat intersect

perform a robust dragging . . . . :

test. at their midpoints and that divide one anotherdarfcongruent

segments. Thus ABCD is a rectangle.

Conclusions
Our conclusions here are developed along two liesisiderations upon the model, and
importance of the notion we introducepzth
Our model, of which we introduced only a part instipaper, seems to describe cognitive
processes that occur in connection with the MD$ (@her dragging schemes as described). In
fact we were able to interpret data generated byesowho had appropriated the MDS in terms
of phases of the model, as we did for the epis@seribed above. Moreover having a model that
seems to describe “experts’ use” of the MDS is gy weseful tool both for “catching” expert
behavior (and thus complete appropriation of theSYIh students, as well as for diagnosing
where and how appropriation has failed. In fact ynah the students’ cognitive difficulties
become describable in terms of “mismatches” betwd#en model and the students’ actual
behaviors. Therefore the model becomes a powarbllfor designing new activities aimed at
overcoming the diagnosed conceptual difficultied ahfostering complete appropriation of the
MDS.
The path seems to play a main role in the generation ofafp becoming a part of solvers’
“reorganization and transformation” that occurshwatbductive reasoning (Cifarelli, 1999). In
particular thepathand the GDP make explicit various new relationshiptween invariants of the
dynamic figure, which can be translated into geomgbroperties. Thepath and the GDP
therefore can become a powerful tool for the salteruse in their proof, in order to link back to
their reasoning and insights from the conjecturstgge, and thus bridge the potential gap
between argumentation and proof. In this senseekieve it can foster cognitive unity (Boero et
al., 1996; Pedemonte, 2003) and the productionr@dfp. Given these considerations, teaching
students to consciously use certain dragging scheamel make use of what we descriljgath,
can potentially accelerate and facilitate the empirocess of making a conjecture and proving it.
This seems to be a significant step towards theeaement of an important goal that the
mathematics education community has set for mathesraaching and learning.
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