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Abstract

We consider the functional

J(v) =

∫
Ω

[f(|∇v|)− v]dx,

where Ω is a bounded domain and f : [0,+∞) → R is a convex function
vanishing for s ∈ [0, σ], with σ > 0. We prove that a minimizer u of J
satisfies an equation of the form

min(F (∇u,D2u), |∇u| − σ) = 0

in the viscosity sense.

1 Introduction

Let Ω be a bounded domain in RN , N ≥ 2, with boundary ∂Ω of class C2,α.
We consider the variational problem

inf{J(v) : v ∈W 1,∞
0 (Ω)}, where J(v) =

∫
Ω

[f(|∇v|)− v]dx; (1)

here, the function f : [0,+∞) → R is convex, monotone, nondecreasing and we
assume that there exists σ > 0 such that

f ∈ C1([0,+∞)) ∩ C3((σ,+∞)); (2a)

f(0) = 0 and lim
s→+∞

f(s)

s
= +∞; (2b)

f ′(s) = 0 for every 0 ≤ s ≤ σ; (2c)

f ′′(s) > 0 for s > σ. (2d)

Functionals of this kind occur in the study of complex-valued solutions of the
eikonal equation (see [13]–[16]), as well as in the study of problems linked to
traffic congestion (see [2]) and in variational problems which are relaxations of
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non-convex ones (see [4]). We have in mind the following two main examples of
a function f :

f(s) =

{
0, 0 ≤ s ≤ 1
1
2 [s

√
s2 − 1− log(s+

√
s2 − 1)], s > 1,

(3)

which arises from the study of complex-valued solutions of the eikonal equation,
and

f(s) =

{
1
q (s− 1)q, s > 1,

0, 0 ≤ s ≤ 1,
(4)

q > 1, which is linked to traffic congestion problems.
Since f vanishes in the interval [0, σ], problem (1) is strongly degenerate

and, as far as we know, few studies have been done. Besides the papers cited
before, we mention [1] and [17] where regularity issues were tackled.

In this paper, we shall prove that the minimizer u of (1) satisfies an equation
of the form

min
(
F (∇u,D2u), |∇u| − σ

)
= 0 (5)

in the viscosity sense (see Theorems 3.2 and 3.3 for the meaning of F ).
Our strategy is to approximate J by a sequence of less degenerating function-

als so that the minimizers of the corresponding variational problems converge
uniformly to u; this is done in Section 2. Then, the machinery of viscosity
equations applies and, in Section 3, we prove that u satisfies (5). To prove
Theorems 3.2 and 3.3, which are our main result, we make use of techniques
which have been used in the context of the ∞-Laplace operator (see for instance
[3],[10],[11]).

2 Preliminary results

We start by recalling some well-known facts. Since Ω is bounded and ∂Ω is of
class C2,α, then the following uniform exterior sphere condition holds: there
exists ρ > 0 such that for every x0 ∈ ∂Ω there exists a ball Bρ(y) of radius

ρ centered at y = y(x0) ∈ RN \ Ω such that Bρ(y) ∩ Ω = Bρ(y) ∩ ∂Ω and

x0 ∈ Bρ(y).
Notice that, since f satisfies (2a)-(2d), the functional J is differentiable and

a critical point u of J satisfies the problem−div

(
f ′(|∇u|)
|∇u|

∇u
)

= 1, in Ω,

u = 0, on ∂Ω,
(6)

in the weak sense, i.e.∫
Ω

f ′(|∇u|)
|∇u|

∇u · ∇ϕdx =

∫
Ω

ϕdx, for every ϕ ∈ C1
0 (Ω). (7)

It will be useful in the sequel to have at hand the solution of (6) when Ω is
the ball of given radius R (centered at the origin): it is given by

uR(x) =

R∫
|x|

g′
( s

N

)
ds, (8)
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where
g(t) = sup{st− f(s) : s ≥ 0}

is the Fenchel conjugate of f .
It is clear that, when σ = 0, (1) has a unique solution, since f is strictly

convex. When σ > 0, the uniqueness of a minimizer for (1) is proved in [7].
In this section we shall approximate the functional J by a sequence of strictly

convex functionals

Jn(v) =

∫
Ω

[fn(|∇v|)− v]dx, (9)

n ∈ N, which are less degenerating than J (see Proposition 2.3 for the assump-
tions on the functions fn) and prove some uniform bounds for the minimizers
un of

inf{Jn(v) : v ∈W 1,∞
0 (Ω)}. (10)

Notice that, if fn ∈ C1([0,+∞)) ∩ C3((0,+∞)) satisfies (2b) and it is such
that f ′n(0) = 0 and f ′′n (s) > 0 for s > 0, then the minimizer un of (9) is unique
and satisfies∫

Ω

f ′n(|∇un|)
|∇un|

∇un · ∇ϕdx =

∫
Ω

ϕdx, for every ϕ ∈ C1
0 (Ω). (11)

Let un and vn be a subsolution and a supersolutions of (11), respectively. Then,
the following weak comparison principle holds: if un ≤ vn on ∂Ω then un ≤ vn
in Ω (see Lemma 3.7 in [8]).

It will be useful to define the following P -function (see [8]):

Pn(x) = Φn(|∇un(x)|) +
2

N
un(x), x ∈ Ω, (12)

where

Φn(t) = 2

t∫
0

sf ′′n (s)ds. (13)

To avoid heavy notations, in Lemmas 2.1 and 2.2 we drop the dependence on
n.

Lemma 2.1. Let f ∈ C1([0,+∞)) ∩ C3((0,+∞)) be such that f ′(0) = 0 and
f ′′(s) > 0 for s > 0 and let u be the solution of (1). Then, |∇u| attains its
maximum on the boundary of Ω and the following estimate holds:

|∇u(x)| ≤M, x ∈ Ω, (14)

with

M = g′
(

ρ

N − 1

(
e

(N−1)R∗
ρ − 1

))
, (15)

where g is the Fenchel conjugate of f , R∗ = sup{|x − y| : x, y ∈ ∂Ω} and ρ is
the radius of the uniform exterior sphere.

Furthermore,

0 ≤ u(x) ≤ min

 R∗∫
0

g′
( s
N

)
ds,

N

2
Φ(M)

 x ∈ Ω. (16)
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Proof. Since u is a minimizer of J , it is easy to show that u ≥ 0. Being R∗ the
diameter of Ω, there exist a ball of radius R∗ that contains Ω (we can assume
that such ball is centered at the origin). Since uR∗(x) ≥ 0 for x ∈ ∂Ω, the weak
comparison principle implies that

u(x) ≤ uR∗(x) for every x ∈ Ω. (17)

From uR∗(x) ≤ uR∗(0), x ∈ BR∗ and from (8), we have

u(x) ≤
R∗∫
0

g′
( s

N

)
ds, (18)

for every x ∈ Ω.
Now, we consider the P -function given by (12). As proved in Lemma 3.2 in

[8], P attains its maximum on the boundary of Ω and thus

P (x) ≤ max
∂Ω

P = max
∂Ω

Φ(|∇u|), x ∈ Ω.

Since Φ is strictly increasing, then we get

max
Ω

|∇u(x)| = max
∂Ω

|∇u(x)|, (19)

i.e. |∇u| attains its maximum on the boundary of Ω.
Following [9], we construct a barrier function for u which will give us an

upper bound for |∇u| on the boundary of Ω. Let x0 ∈ ∂Ω be fixed and let
Bρ(y(x0)) the ball in the exterior sphere condition. Set

δ(x) = dist(x, ∂Bρ(y(x0))), x ∈ Ω,

and let w = ψ(δ(x)) be a function depending only on the distance from ∂Bρ(y(x0));
we have

div

{
f ′(|∇w|) ∇w

|∇w|

}
= ψ′′(δ(x))f ′′(ψ′(δ(x))) + f ′(ψ′(δ(x)))∆δ(x). (20)

Since

|∆δ(x)| = N − 1

|x− y|
≤ N − 1

ρ
,

from (20) we obtain

div

{
f ′(|∇w|) ∇w

|∇w|

}
+1 ≤ ψ′′(δ(x))f ′′(ψ′(δ(x)))+

N − 1

ρ
f ′(ψ′(δ(x)))+1. (21)

By choosing

ψ(t) =

t∫
0

g′
(

ρ

N − 1

(
e

N−1
ρ (R∗−s) − 1

))
ds,

the right hand side of (21) vanishes and thus w is a supersolution of (7). Since
ψ′(t) > 0 for t > 0, then w(x) ≥ 0 on ∂Ω and the weak comparison principle
yields u(x) ≤ w(x) in Ω. Since x0 ∈ ∂Ω is arbitrary, we obtain

|∇u(x)| ≤ g′
(

ρ

N − 1

(
e

(N−1)R∗
ρ − 1

))
,
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for any x ∈ ∂Ω. According to (19) the same estimate holds in the whole of Ω
and (14) holds.

Notice that from (12)

u(x) ≤ N

2
P (x), x ∈ Ω;

since P attains its maximum on the boundary of Ω and from (14) we have that

u(x) ≤ N

2
Φ(M)

which, together with (18), implies (16). �
We denote by H∂Ω(x) the mean curvature of ∂Ω at the point x ∈ ∂Ω and

set
H∗

∂Ω = min
x∈∂Ω

H∂Ω(x).

In the following Lemma, we give a further bound for u and |∇u| in the case
that the mean curvature of ∂Ω attains a positive minimum. Notice that, when
Ω is a ball, (23) is optimal.

Lemma 2.2. Let f be as in Lemma 2.1 and assume that H∗
∂Ω > 0. Then,

u(x) ≤ N

2
Φ

(
g′
( 1

NH∗
∂Ω

))
(22)

and

|∇u(x)| ≤ g′
(

1

NH∗
∂Ω

)
(23)

for every x ∈ Ω, where Φ is given by (13) and g is the Fenchel conjugate of f .

Proof. Since |∇u| > 0 on ∂Ω (see Lemma 2.7 in [7]), equation (7) is nondegen-
erate in a neighborhood of ∂Ω; from standard elliptic regularity theory (see [18]
and [9]), we know that u ∈ C2,α(Ω \ {x : ∇u ̸= 0}) for some α ∈ (0, 1), and
then (7) can be written pointwise on ∂Ω as

f ′′(|uν(x)|)uνν(x)− (N − 1)f ′(uν(x))H∂Ω(x) = −1,

where ν denotes the exterior unit normal to ∂Ω. From Lemma 3.3 in [8], we
know that

Nf ′(|∇u(x)|)H∂Ω(x) ≤ 1,

for every x ∈ ∂Ω, and then

|∇u(x)| ≤ g′
( 1

NH∗
∂Ω

)
,

for every x ∈ ∂Ω. Since P (given by (12)) attains its maximum on ∂Ω and from
u = 0 on ∂Ω, we have that

P (x) ≤ Φ

(
g′
( 1

NH∗
∂Ω

))
(24)

for every x ∈ Ω. From (12) and (24) we conclude. �
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Proposition 2.3. Let (fn)n∈N be such that:

(i) fn ∈ C1([0,+∞)) ∩ C3((0,+∞));

(ii) fn converges uniformly to f on the compact sets contained in [0; +∞);

(iii) f ′n(0) = 0, the functions f ′n decrease to f ′ in [0,+∞) and f ′n converges
uniformly to f ′ on the compact sets contained in [0,+∞)

(iv) f ′′n (t) > 0 for t > 0.

Let u (resp. un) be the solution of (1) for J (resp. of (10) for Jn). Then

(a) un is a minimizing sequence for J and Jn(un) → J(u);

(b) un and ∇un are uniformly bounded and (up to a subsequence) (un)n∈N tends
to u in the sup norm topology and u satisfies estimates (14) and (16) almost
everywhere in Ω.

Proof. Since Jn → J uniformly (a) is standard. Since the sequence (f ′n)n∈N is
decreasing in n, then g′n is increasing in n and converges pointwise to g′ (here,
we denote by g and gn the Fenchel conjugates of f and fn, respectively). Thus,
gn(t) ≤ g(t) and g′n(t) ≤ g′(t) for every t ∈ [0,+∞) and (b) follows by Lemma
2.1 and an application of the Ascoli-Arzelà’s theorem. �

3 Viscosity Euler-Lagrange equation

In this section we prove that the solution u of (1) satisfies an equation of the form
(5) in the viscosity sense. Firstly, we do it for f ∈ C2((0,+∞)) ∪ C3((σ,+∞))
and then we deal with the case that f is not twice differentiable at s = σ.

Consider a sequence of approximating functions {fn}n∈N satisfying (i) −
−(iv) in Proposition 2.3. The minimizer un for (10) satisfies

−div
f ′n(|∇un|)
|∇un|

= 1,

in weak sense. Assume for a moment that un is regular enough so that we can
differentiate, then un satisfies

−|∇un|f ′′n (|∇un|)− f ′n(|∇un|)
|∇un|3

∆∞un − f ′n(|∇un|)
|∇un|

∆un = 1.

This equation is fully nonlinear and it makes sense to define and study its
viscosity solutions.

Let P ∈ RN and X ∈ SN , where SN is the space of real-valued N × N
symmetric matrices. Consider the function

Fn(P,X) :=

−|P |f ′′n (|P |)− f ′n(|P |)
|P |3

⟨P,X · P ⟩ − f ′n(|P |)
|P |

tr(X)− 1, P ̸= 0,

−1, P = 0.

(25)
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Notice that, if

lim
s→0+

sf ′′n (s)− f ′n(s)

s3
= 0, and lim

s→0+

f ′n(s)

s
= 0, (26)

then Fn is continuous. For future use, we shall assume that the sequence
{fn}n∈N is such that

lim
n→+∞

sf ′′n (s)− f ′n(s)

s3
= 0, and lim

n→+∞

f ′n(s)

s
= 0, (27)

for any 0 < s < σ.

Definition. An upper semicontinuous function u defined in Ω is a viscosity
subsolution of

Fn(∇v,D2v) = 0, (28)

x ∈ Ω, if, whenever x0 ∈ Ω and ϕ ∈ C2(Ω) are such that u(x0) = ϕ(x0) and
u(x) < ϕ(x) if x ̸= x0, then

Fn(∇ϕ(x0), D2ϕ(x0)) ≤ 0.

A lower semicontinuous function u defined in Ω is a viscosity supersolution of
(28) if, whenever x0 ∈ Ω and ϕ ∈ C2(Ω) are such that u(x0) = ϕ(x0) and
u(x) > ϕ(x) if x ̸= x0, then

Fn(∇ϕ(x0), D2ϕ(x0)) ≥ 0.

Finally, u ∈ C0(Ω) is a viscosity solution of (28) if it is both a viscosity subso-
lution and a viscosity supersolution of (28).

Lemma 3.1. Let un be the minimizer of Jn, where fn ∈ C1([0,+∞))∪C3((0,+∞))
satisfies (26) and is such that f ′′n (s) > 0 for s > 0. Then un is a viscosity solu-
tion of (28).

Proof. We present the details for the case of supersolutions. Let x0 ∈ Ω and
ϕ ∈ C2(Ω) be such that u(x0) = ϕ(x0) and u(x) > ϕ(x) for x ̸= x0. We have to
show that

−|∇ϕ(x0)|f ′′n (|∇ϕ(x0)|)− f ′n(|∇ϕ(x0)|)
|∇ϕ(x0)|3

∆∞ϕ(x0)−
f ′n(|∇ϕ(x0)|)
|∇ϕ(x0)|

∆ϕ(x0)−1 ≥ 0.

By contradiction, suppose that this is not the case. By continuity, there exists
r > 0 small enough such that

−|∇ϕ(x)|f ′′n (|∇ϕ(x)|)− f ′n(|∇ϕ(x)|)
|∇ϕ(x)|3

∆∞ϕ(x)−
f ′n(|∇ϕ(x)|)
|∇ϕ(x)|

∆ϕ(x) < 1,

for any |x − x0| < r. Let m = inf{un(x) − ϕ(x) : |x − x0| = r} and set
η = ϕ+ 1

2m. Since m > 0 then η < u on ∂Br(x0), η(x0) > un(x0) and

−|∇η(x)|f ′′n (|∇η(x)|)− f ′n(|∇η(x)|)
|∇η(x)|3

∆∞η(x)−
f ′n(|∇η(x)|)
|∇η(x)|

∆η(x) < 1,
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for any |x − x0| < r. By multiplying by (η − un)
+, integrating in Br(x0) and

using an integration by parts, we have∫
{η>un}

f ′n(|∇η|)
∇η
|∇η|

· ∇(η − un)dx <

∫
{η>un}

(η − un)dx. (29)

The function (η − un)
+ extended to zero outside Br(x0) can be used as a test

function in (11):∫
{η>un}

f ′n(|∇un|)
∇un
|∇un|

· ∇(η − un)dx =

∫
{η>un}

(η − un)dx. (30)

Subtracting (30) from (29) we have∫
{η>un}

[
f ′n(|∇η|)

∇η
|∇η|

− f ′n(|∇un|)
∇un
|∇un|

]
· ∇(η − un)dx < 0. (31)

Since[
f ′n(|∇η|)

∇η
|∇η|

− f ′n(|∇un|)
∇un
|∇un|

]
· ∇(η − un) =

= f ′n(|∇η|)|∇η|+ f ′n(|∇un|)|∇un|+

− f ′n(|∇η|)
∇η
|∇η|

· ∇un − f ′n(|∇un|)
∇un
|∇un|

· ∇η, (32)

Cauchy-Schwarz inequality and the convexity of fn yield[
f ′n(|∇η|)

∇η
|∇η|

− f ′n(|∇un|)
∇un
|∇un|

]
· ∇(η − un) ≥

≥
(
f ′n(|∇η|)− f ′n(|∇un|)

)(
|∇η| − |∇un|

)
≥ 0,

which gives the desired contradiction on account of (31). �

Theorem 3.2. Let u be the minimizer of (1) and assume that f satisfies (2)
and f ∈ C2((0,+∞)). Then, u is a viscosity solution of

min

(
−|∇u|f ′′(|∇u|)− f ′(|∇u|)

|∇u|3
∆∞u− f ′(|∇u|)

|∇u|
∆u− 1, |∇u| − σ

)
= 0.

(33)

Proof. Let {fn}n∈N be an approximating sequence of the function f satisfying
(i)–(iv) in Proposition 2.3, (26), (27) and such that f ′′n converges to f ′′ uniformly
on the compact sets contained in (0,+∞). From Proposition 2.3, we can assume
that un converges to u uniformly as n tends to infinity. By using a standard
argument from the theory of viscosity solutions (see [5] and [12]), we shall prove
that u is a viscosity supersolution and subsolution of (33). The two proofs are
not symmetric and we prove firstly that u is a viscosity supersolution and then
that it is also a viscosity subsolution.

Assume ϕ is a smooth function touching u from below at x̂ ∈ Ω, i.e., u(x̂) =
ϕ(x̂) and u(x) > ϕ(x) for any x ̸= x̂. Since un is a viscosity solution of (28) and
un converges uniformly to u, there exist {xn}n∈N ⊂ Ω such that
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(i) for any x ∈ Ω, un(xn)− ϕ(xn) ≥ un(x)− ϕ(x);

(ii) xn tends to x̂ as n tends to infinity.

Being un a viscosity supersolution of (28), we can conclude that

Fn(∇ϕ(xn), D2ϕ(xn)) ≥ 0.

Let assume that |∇ϕ(x̂)| < σ: by taking the limit as n → ∞ and from (27)
we get a contradiction. Thus, we may exclude that |∇ϕ(x̂)| < σ.

Now assume that |∇ϕ(x̂)| ≥ σ. Again, we take the limit as n → ∞ and get
that both

−|∇ϕ(x̂)|f ′′(|∇ϕ(x̂)|)− f ′(|∇ϕ(x̂)|)
|∇ϕ(x̂)|3

∆∞ϕ(x̂)−
f ′(|∇ϕ(x̂)|)
|∇ϕ(x̂)|

∆ϕ(x̂)− 1 ≥ 0,

and
|∇ϕ(x̂)| − σ ≥ 0

are satisfied. Hence the claim is proven.
Now, we prove that u is a viscosity subsolution of (33). Assume ϕ is a

smooth function such that u(x̂) = ϕ(x̂) and u(x) < ϕ(x) for any x ̸= x̂. As
claimed at the previous case, there exists a sequence {xn}n∈N such that

(i) un(xn)− ϕ(xn) ≤ un(x)− ϕ(x);

(ii) xn tends to x̂ as n tends to infinity.

If |∇ϕ(xn)| ≤ σ, then obviously

min
(
− |∇ϕ(x̂)|f ′′(|∇ϕ(x̂)|)− f ′(|∇ϕ(x̂)|)

|∇ϕ(x̂)|3
∆∞ϕ(x̂)−

f ′(|∇ϕ(x̂)|)
|∇ϕ(x̂)|

∆ϕ(x̂)− 1,

|∇ϕ(x̂)| − σ
)
≤ 0

holds. In case |∇ϕ(xn)| > σ, from the fact that un is a viscosity subsolution
of (28) we have Fn(∇ϕ(xn), D2ϕ(xn)) ≤ 0. Since fn and its first and second
derivatives converges uniformly as n→ +∞, by taking the limit leads to

−|∇ϕ(x̂)|f ′′(|∇ϕ(x̂)|)− f ′(|∇ϕ(x̂)|)
|∇ϕ(x̂)|3

∆∞ϕ(x̂)−
f ′(|∇ϕ(x̂)|)
|∇ϕ(x̂)|

∆ϕ(x̂)− 1 ≤ 0,

which completes the proof. �
Now, we assume that f satisfies (2) and f ̸∈ C2((0,+∞)) (i.e. f is not

twice differentiable at s = σ). Since it is not possible to choose fn such that f ′′n
converges uniformly to f ′′, we can not proceed as in Theorem 3.2.

In the following, we shall assume that lim
s→σ+

f ′′(s) and lim
s→+∞

f ′′(s) exist;

since f is not twice differentiable at s = σ then lim
s→σ+

f ′′(s) ̸= 0. Let

a(s) =


f ′(s)

sf ′′(s)
, s > σ,

0, 0 ≤ s ≤ σ,
(34)
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and

b(s) =


s2

f ′′(s)
, s > σ,

σ2 lim
s→σ+

1

f ′′(s)
, s ≤ σ.

(35)

Notice that a, b ∈ C0([0,+∞)).

Theorem 3.3. Let u be the minimizer of (1). Then u is a viscosity solution of

min
(
− [1− a(|∇u|)]∆∞u− |∇u|2a(|∇u|)∆u− b(|∇u|), |∇u(x)| − σ

)
= 0, (36)

where a and b are defined by (34) and (35), respectively.

Proof. Let {fn}n∈N be a sequence satisfying (i)–(iv) in Proposition 2.3, (26)
and (27). Let

an(s) =
f ′n(s)

sf ′′n (s)
,

s > 0. We consider fn such that an converges uniformly to a in the compact
sets contained in [σ,+∞). Furthermore, the approximating sequence {fn}n∈N
will be such that the functions s2(f ′′n (s))

−1 converge uniformly to b(s) in the
compact sets contained in (σ,+∞).

The proof splits in two parts. First we prove that u is a viscosity superso-
lution, then that it is also a subsolution. The earlier is slightly more involved
and we deal with it first.

The function u is a viscosity supersolution of (36).
Assume ϕ is a smooth function touching u from below at x̂ ∈ Ω, i.e., u(x̂) = ϕ(x̂)
and u(x) > ϕ(x) for any x ̸= x̂. Recall that un is a viscosity solution of (28)
and that, from Proposition 2.3, we can assume that un converges uniformly to
u as n tends to infinity. Thus, there exist {xn}n∈N ⊂ Ω such that for any x ∈ Ω,
un(xn)− ϕ(xn) ≥ un(x)− ϕ(x) and xn tends to x̂ as n tends to infinity.

Since un is a viscosity supersolution of (28), we can conclude that

Fn(∇ϕ(xn), D2ϕ(xn)) ≥ 0. (37)

Let assume that |∇ϕ(x̂)| < σ: by taking the limit in (37) as n → ∞ and
thanks to (27) we get a contradiction. Thus, we may exclude that |∇ϕ(x̂)| < σ.

Now assume that |∇ϕ(x̂)| ≥ σ. Hence, we may assume that ∇ϕ(xn) ̸= 0 (at
least for n large). By multiplying both sides of (37) by

|∇ϕ(xn)|2

f ′′n (|∇ϕ(xn)|)
,

we have

−
[
1− f ′n(|∇ϕ(xn)|)

|∇ϕ(xn)|f ′′n (|∇ϕ(xn)|)

]
∆∞ϕ(xn)+

− |∇ϕ(xn)|f ′n(|∇ϕ(xn)|)
f ′′n (|∇ϕ(xn)|)

∆ϕ(xn)−
|∇ϕ(xn)|2

f ′′n (|∇ϕ(xn)|)
≥ 0.

By taking the limit as n→ ∞ we get that both

−[1− a(|∇ϕ(x̂)|)]∆∞ϕ(x̂)− |∇ϕ(x̂)|2a(|∇ϕ(x̂)|)∆ϕ(x̂)− b(|∇ϕ(x̂)|) ≥ 0,
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and
|∇ϕ(x̂)| − σ ≥ 0

are satisfied. Hence the claim is proven.
The function u is a viscosity subsolution of (36).

Assume ϕ is a smooth function such that u(x̂) = ϕ(x̂) and u(x) < ϕ(x) for
any x ̸= x̂. Thus, there exists a sequence {xn}n∈N such that un(xn)− ϕ(xn) ≤
un(x)− ϕ(x) and xn tends to x̂ as n tends to infinity.

If |∇ϕ(xn)| ≤ σ, then obviously

min
(
− [1− a(|∇ϕ(x̂)|)]∆∞ϕ(x̂)− |∇ϕ(x̂)|2a(|∇ϕ(x̂)|)∆ϕ(x̂)− b(|∇ϕ(x̂)|),

|∇ϕ(x̂)| − σ
)
≤ 0

holds. In case |∇ϕ(xn)| > σ, from the fact that un is a viscosity subsolution of
(28), we can conclude (carrying out the same algebraic manipulation showed at
the previous step)

−
[
1− f ′n(|∇ϕ(xn)|)

|∇ϕ(xn)|f ′′n (|∇ϕ(xn)|)

]
∆∞ϕ(xn)+

− |∇ϕ(xn)|f ′n(|∇ϕ(xn)|)
f ′′n (|∇ϕ(xn)|)

∆ϕ(xn)−
|∇ϕ(xn)|2

f ′′n (|∇ϕ(xn)|)
≤ 0.

Taking the limit leads to the desired conclusion. �

Remark 3.4. Sequences of (fn)n∈N that satisfy the assumptions required in
the proofs of Theorems 3.2 and 3.3 can be constructed in various fashions. A
convenient way is to modify f ′ only in the interval (0, σ + ε), with ε > 0 small
enough. By assuming σ = 1, the following is an example:

f ′ε(s) =

f ′(1 + ε)
[
2
( s

1 + ε

)pε

−
( s

1 + ε

)qε]
, 0 ≤ s ≤ 1 + ε,

f ′(s), s > 1 + ε,

where

pε =
(1 + ε)f ′′(1 + ε)

f ′(1 + ε)

[
3

2
+

1

2

√
2− f ′′′(1 + ε)f ′(1 + ε)

f ′′(1 + ε)2
− 2

f ′(1 + ε)

(1 + ε)f ′′(1 + ε)

]
,

and

qε =
(1 + ε)f ′′(1 + ε)

f ′(1 + ε)

[
1 +

√
2− f ′′′(1 + ε)f ′(1 + ε)

f ′′(1 + ε)2
− 2

f ′(1 + ε)

(1 + ε)f ′′(1 + ε)

]
.

Example 3.5. Let f be given by (3). Then

f ′(s) =
√
(s2 − 1)+

and a and b in (34) and (35) read as

a(s) =

0, 0 ≤ s ≤ 1,

1− 1

s2
, s > 1,
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and
b(s) = s

√
(s2 − 1)+.

We notice that, working as in the proof of Theorem 3.3, we can prove that
u satisfies other equations in the viscosity sense which are of the same form as
(5). For instance, let a∗ > 0 be such that a(s) < a∗ for any s ≥ 0; then it can
be shown that u satisfies

min
{
−
[
1 +

1− a∗

a∗ − a(|∇u|)

]
∆∞u− |∇u|2a(|∇u|)

a∗ − a(|∇u|)
∆u− b(|∇u|)

a∗ − a(|∇u|)
,

|∇u(x)| − σ
}
= 0,

(38)

in the viscosity sense. If f is given by (3), we can choose a∗ = 1 and (38) reads
as

min
(
−∆∞u− |∇u|2(|∇u|2 − 1)+∆u− |∇u|3

√
(|∇u|2 − 1)+, |∇u(x)| − 1

)
= 0.
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[8] I. Fragalà, F. Gazzola and B. Kawohl, Overdetermined problems with pos-
sibly degenerate ellipticity, a geometric approach, Math. Z., 254 (2006),
pp. 117–132.

12



[9] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of
second order, Springer-Verlag, Berlin-New York, 1977

[10] R. Jensen, Uniqueness of Lipschitz extensions: Minimizing the sup norm
of the gradient, Arch. Ration. Mech. Anal., 123 (1993), pp. 51-74.

[11] P. Juutinen, P. Lindqvist and J.J. Manfredi, The ∞-eigenvalue problem,
Arch. Ration. Mech. Anal. 148 (1999), no. 2, pp. 89-105.

[12] S. Koike, A Beginners Guide to the Theory of Viscosity Solutions, vol. 13
of MSJ Memoirs (2004). Mathematical Society of Japan, Tokyo.

[13] R. Magnanini and G. Talenti, On complex-valued solutions to a 2D eikonal
equation. Part one: qualitative properties, Nonlinear Partial Differential
Equations, Contemporary Mathematics 283 (1999), American Mathemat-
ical Society, pp. 203–229.

[14] R. Magnanini and G. Talenti, On complex-valued solutions to a 2D eikonal
equation. Part two: existence theorems, SIAM J. Math. Anal. 34 (2003),
pp. 805–835.

[15] R. Magnanini and G. Talenti, On complex-valued solutions to a 2D Eikonal
Equation. Part Three: analysis of a Backlund transformation, Applic.
Anal. 85 (2006), no. 1-3, pp. 249–276.

[16] R. Magnanini and G. Talenti, On complex-valued 2D eikonals. Part four:
continuation past a caustic, Milan Journal of Mathematics 77 (2009), no.
1, pp. 1–66.

[17] F. Santambrogio and V. Vespri, Continuity in two dimensions for a very
degenerate elliptic equation, Nonlinear Anal., 73 (2010), pp. 3832-3841.

[18] P. Tolksdorf, On the Dirichlet problem for quasilinear equations in do-
mains with conical boundary points, Comm. Partial Differential Equations,
8 (1983), pp. 773-817.

13


