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Introduction to the problem
2-D case: the Green’s function
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Uniqueness

Rectilinear waveguides

Optical waveguides

@ n — index of refraction
@ ng — maximum of n

jacket | cladding  core @ ng — cladding’s index of
refraction

@ k — wavenumber (27 /)

Kinds of energy

@ Guided energy
o Radiation energy

@ Evanescent energy
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Introduction to the problem
2-D case: the Green’s function
3-D case

Uniqueness

Mathematical model in 2-D and 3-D

Rectilinear waveguides

Helmholtz equation

Au+ K2n(x)?u=f, xeRN

n axially symmetric with
respect of x3,

n even function,

nco(Xl) if ’X1| < h,

Ne otherwise.

neo(r) if0<r<R,

Ney otherwise,

where r = 1/x12 +x22.

n —
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Introduction to the problem
2-D case: the Green’s function
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Uniqueness

Rectilinear waveguides

2-D case (Magnanini, Santosa. 2000, SIAM J. Appl. Math.)

u=v(x1,\)e’kP

Aut+-k>n(x)?u=f v/ +[A—q(x1)]v =0, in R.

° V(x,\) = 78‘/(%);11’)‘) o d?=k?(n3 —n?)
@ nyp = maxn(xy) o \=k3(n - 3?)

o q(x1) = k?[ng — n(x1)?] e Q=V\—d?
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2-D case (Magnanini, Santosa. 2000, SIAM J. Appl. Math.)

u=v(x1,\)e’kP

Aut+-k>n(x)?u=f v/ +[A—q(x1)]v =0, in R.

° V(x,\) = 78‘/(%);11’)‘) o d?=k?(n3 —n?)
@ nyp = maxn(xy) o \=k3(n - 3?)

° g(x1) = k*[n§ — n(x1)?] o Q=vVA—d?

®i(h, ) cos Q(x1 — h) + (g sin Q(x1 — h), x1 > h,
\/j(X17/\) = ¢J(X17)\) |X1| < hv
@j(—h, X) cos Q(x1 + h) + (Qh sin Q(x1 + h), x1 < —h,
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Rectilinear waveguides

Classification of solutions

Modes are solutions of Helmholtz equation of the form

v(x1, \)e P with Bk = \/k2n3 — \.
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Introduction to the problem
2-D case: the Green’s function
3-D case

Uniqueness

Rectilinear waveguides

Classification of solutions

Modes are solutions of Helmholtz equation of the form
v(x1, \)e P with Bk = \/k2n3 — \.

o guided: for 0 < A < d?. Guided modes (and then the energy)
propagate mainly inside the core and vanish exponentially
outside. They are finite in number.
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Rectilinear waveguides

Classification of solutions

Modes are solutions of Helmholtz equation of the form
v(x1, \)e P with Bk = \/k2n3 — \.

e guided: for 0 < \ < d?. Guided modes (and then the energy)
propagate mainly inside the core and vanish exponentially
outside. They are finite in number.

e radiation: for d°> < \ < n8k2. Energy doesn’t localize inside
the core but propagates mainly in the cladding.

@ evanescent: for \ > n(z)k2. The constant of propagation (3
becomes imaginary. These modes have an exponential decay
in one of the directions along the axis x, — +o0, while they
grow exponentially along the other one.
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Introduction to the problem
2-D case: the Green’s function
3-D case

Uniqueness

Rectilinear waveguides

Resolution formula

M-S find a solution (in the sense of distributions) of the Helmholtz
equation as superposition of guided, radiation and evanescent
modes:

u(x) = / G, y)F(y)dy,
R2
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Introduction to the problem

- . 2-D case: the Green’s function
Rectilinear waveguides
3-D case

Uniqueness

Resolution formula

M-S find a solution (in the sense of distributions) of the Helmholtz
equation as superposition of guided, radiation and evanescent

modes:
Z/G(X,y)f(y)dy,
]RZ
where
ilxg—yalq/ K2
G(X7y)_J€{zS:a} Lof 21\/k77 ‘/J(X].’)\)‘/J(yl’)\)dpj(A)
with
M; oo
(dpjm)= Zjl G"’ﬁ(/\fnﬂif@_d?w\(/?q; 2n(>\)d/\ Vne G52 ([0,400)).
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Rectilinear waveguides

Examples

reen's function

A guided mode The radiating energy
““
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Introduction to the problem
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Uniqueness

Rectilinear waveguides

3-D optical fibers

By using a different technique, analogous results for the 3-D case
were obtained in
@ O. Alexandrov — G. Ciraolo, Wave propagation in a 3-D optical
waveguide, M3AS, 14 (2004), no.6, 819-852.
@ O. Alexandrov — G. Ciraolo, Wave propagation in a 3-D optical
waveguide II. Numerical results, to appear in 5t ISAAC Congress
Proceedings.

|

v
i
!

~.
; -
i

=L

Non-rectilinear optical waveguides




Introduction to the problem
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2-D vs 3-D

By using the cylindrical symmetry with respect to the x3-axis (the
fiber's axis), we find:

iBkxg gimd w(r)

u=e r 2
Autk?n(r)u=f —— w'+ [qu(r)fm%;“} w=0, r>0.
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2-D vs 3-D

By using the cylindrical symmetry with respect to the x3-axis (the
fiber's axis), we find:

iBkxg gimd w(r)

u=e r 2
Autk?n(r)u=f —— w'+ [qu(r)fm%;“} w=0, r>0.

Differences from the 2-D case

m?>—1/4 . . .
@ The term ==, makes the equation singular in r =0,

besides in r = co.
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Introduction to the problem
- . 2-D case: the Green’s function
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3-D case
Uniqueness

2-D vs 3-D

By using the cylindrical symmetry with respect to the x3-axis (the
fiber's axis), we find:

u—ei Bl gim® w(r)
2
Autk2n(r)?u=Ff —_— s Wt [qu(r)fm%;“} w=0, r>0.

Differences from the 2-D case

m?>—1/4 . . .
@ The term ==, makes the equation singular in r =0,

besides in r = cc.
@ Technical difficulties in adapting the method of M-S.
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2-D vs 3-D

By using the cylindrical symmetry with respect to the x3-axis (the
fiber's axis), we find:

iBkxg gimd w(r)

u=e

r 2
Autk?n(r)u=f —— w'+ [qu(r)fm%;“} w=0, r>0.

Differences from the 2-D case

m?>—1/4 . . .
@ The term ==, makes the equation singular in r =0,

besides in r = cc.
@ Technical difficulties in adapting the method of M-S.

@ We need a study of the behaviour of the solutions in r = 0.
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Introduction to the problem
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Uniqueness

2-D vs 3-D

By using the cylindrical symmetry with respect to the x3-axis (the
fiber's axis), we find:

u—ei Bl gim® w(r)
2
Autk2n(r)?u=Ff —_— s Wt [qu(r)fm%;“} w=0, r>0.

Differences from the 2-D case

m?>—1/4 . . .
@ The term ==, makes the equation singular in r =0,

besides in r = cc.

@ Technical difficulties in adapting the method of M-S.

@ We need a study of the behaviour of the solutions in r = 0.

@ We use the theory of Titchmarsh on the eigenvalues problems
for singular differential operators (not trivial to be applied).
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Rectilinear waveguides

Uniqueness

We have a good solution:

G=GE+G +Ge=

Giulio Ciraolo

Introduction to the problem
2-D case: the Green’s function
3-D case

Uniqueness

2,2
k<ng

oo+ [ o+ jo
d2

2,2
k=ng
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Introduction to the problem
2-D case: the Green’s function
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Rectilinear waveguides

Uniqueness

We have a good solution:

anS 00
G=GE+G +G=% ...+ [ ...+ [ ...
d?

2,2
k=ng

but have not a unique solution!

@ nis not constant outside any compact set.

@ Pointwise spectrum — difficult to give a radiation condition
analogous to the one of Sommerfeld (cfr. Rellich, Miranker,
Jager & Saito, Eidus, Zhang, Perthame & Vega...)

o Ciraolo-Magnanini in 2-D and Alexandrov in 3-D proved that
the Green's function is outgoing.

@ Nosich-Shestopalov
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Introduction to the problem
- . 2-D case: the Green’s function
Rectilinear waveguides
3-D case

Uniqueness

Notations and assumptions

Assumptions on u
(X17X2) . le(XLXZ)

’ _
\x1|~>+oo elxlvd?— o |X1|~>+oo elxalv/d?— .

Au+ k*n(x)u=f

Notations:
M;
u=uy+ Z Z v,
j€{s,;a} m=1
o uh(x1,%2) = ej(x1, Xn) U (x2, X}n) o ei(x1, Np) = ﬁ
o ) ) Vil'sAm)l|2
° Uj(X27 /\Jm) = f u(€7X2)ej(€7 /\Jm)dfv o )\* = max)\Jm

—00 J,m
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Rectilinear waveguides

Uniqueness Theorem

There exists at most one weak solution of Au + k?n(x1)?u = f
such that

by 2
/ / % = iknc,uo‘ dodp+
or

0 9B,
M; o0 .
Z Z/ / ‘aalﬁn —iB W 2do—dp§ C?, (RC)

jets,a} m=17 5q,
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Remarks

@ If no guided modes appear, (RC) is
2
/ ’@ — iknc,u’ dx < o0,
or
RQ

already obtained by Rellich (with different assumptions on n).
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Introduction to the problem
2-D case: the Green’s function
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Uniqueness

Rectilinear waveguides

Remarks

@ If no guided modes appear, (RC) is

o 2
/ ’—u — iknc,u’ dx < o0,
or
R2
already obtained by Rellich (with different assumptions on n).

o Different domain of integration for guided and radiating part
of the solution.
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2-D case: the Green’s function
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Uniqueness

Rectilinear waveguides

Uniqueness Theorem

Idea of the proof

@ w solution of
Aw + k*n(x1)*w = 0; (1)

° Im/wawda = 0;
ov
oQ
e wp and wi, satisfy (1);
o (RC) implies wo, wl, € [2(R?);
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Introduction to the problem
2-D case: the Green’s function
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Uniqueness

Rectilinear waveguides

Uniqueness Theorem

Idea of the proof

@ w solution of
Aw + k*n(x1)*w = 0; (1)

° Im/wawda =0
ov
oQ
e wp and wi, satisfy (1);
o (RC) implies wo, wl, € [2(R?);

@ u = 0 is the only solution of the Helmholtz equation in
L?(R?).
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Non-rectilinear waveguides

Motivations

Physical motivations
Mathematical framework
Numerical simulations

Small imperfections can affect wave
propagation:
@ Signal distortion

@ Loss in the signal power

Giulio Ciraolo

4 cladding
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Motivations

Physical motivations
Mathematical framework
Numerical simulations

Small imperfections can affect wave
propagation:
@ Signal distortion

@ Loss in the signal power

4

Mode coupling

More radiation and evanescent
energy

Giulio Ciraolo

4 cladding
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Motivations

Physical motivations
Mathematical framework
Numerical simulations

Small imperfections can affect wave
propagation:
@ Signal distortion

@ Loss in the signal power

4

Mode coupling

More radiation and evanescent
energy

Giulio Ciraolo

4 cladding

...not always to be avoided...

Non-rectilinear optical waveguides



Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Mathematical Framework (in R?)

Lo :A+k2n%(X1), Lg = A—szng(Xl,XQ).
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Mathematical Framework (in R?)

Lo :A+k2n%(X1), Lg = A—szng(Xl,XQ).
Non-rectilinear waveguides — L.u = f.

We formally represent u and L. by their Neumann series:

u:u€:u0+£u1+€2uz+...; L5:L0+5L1+52L2+...,
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Mathematical Framework (in R?)

Lo :A+k2n%(X1), Lg = A—szng(Xl,XQ).
Non-rectilinear waveguides — L.u = f.

We formally represent u and L. by their Neumann series:

u:u€:u0+£u1+€2uz+...; L5:L0+5L1+52L2+...,
we have
j—1
LoUO = f, LOU1 = —LluO,...,I_ouj = — Z Lj_,u,,
r=0

We solve each step by using Lgl.
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Existence of a solution

Problem

Leu=1
|
Lou="f+ (LO = LE)U
!
u=Ly'f+elyt (—LOQLE) u.
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Existence of a solution

@ Find X; and X5 such that
Leu=1
| Lot Xo — Xy,
Loul— f+(Lo— Lo)u Lo;Ls Xy — Xo
u= Lyt f4elyt (%) u. are continuous.
@ ¢ > 0 small enough — contraction
mapping theorem.

Giulio Ciraolo Non-rectilinear optical waveguides



Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Existence of a solution

@ Find X7 and X; such that
Leu=1
! Lot X — Xy,
Lou="f+ (LO = LE)U Lo Ls X1 — Xo
!
u= Lyt f4elyt (%) u. are continuous.
@ ¢ > 0 small enough — contraction
mapping theorem.

X1 = Hz(R27M)7 16
Spaces: where —_—
’ {Xz @, " T e
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Remarks on the proof

o Uniform asymptotic expansion of the eigenfunctions and their
first derivatives inside the core. If g € LL _(R), x € [—h, h]:

loc

Ps(x,\) = cos(VAx) {1+ 0O (A1)},
Pa(x,A) = sin(Vax) {1+ O (A1)},

as A — +o0.
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Physical motivations
Non-rectilinear waveguides Mathematical framework
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Remarks on the proof

o Uniform asymptotic expansion of the eigenfunctions and their
first derivatives inside the core. If g € LL _(R), x € [—h, h]:

loc

Ps(x,\) = cos(VAx) {1+ 0O (A1)},
Pa(x,A) = sin(Vax) {1+ O (A1)},

as A — +o0.

o G(x1,x;y1,y2) € L2(R*, 1 x p1). In particular, G& and G"
are bounded.
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Remarks on the proof

o Uniform asymptotic expansion of the eigenfunctions and their
first derivatives inside the core. If g € LL _(R), x € [—h, h]:

loc

Ps(x,\) = cos(VAx) {1+ 0O (A1)},
Pa(x,A) = sin(Vax) {1+ O (A1)},

as A — +o0.

o G(x1,x;y1,y2) € L2(R*, 1 x p1). In particular, G& and G"
are bounded.

@ Global estimates on first and second derivatives:

u e H?(R?, ).

uec L2(R2, M), standard techniques
fe (R put),
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Numerical simulations

r.(t,s) = z_ M. € C3(R?),T. = Idg2 in R?\P.

L.v=g Au+ Kn(x,z)°u=f

. (xz)-plane
P
,;'\_\ /’\
L NG N

(x,2)=Fc(t,s) " NN
- Y A\

ol

-h
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Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Near Field

Real part of ug + eus:

20 e e e 20 —a
———— ————
e e
m —_—— ® =2
——————— ——————
16 L —e— 16 e
e ———— ———
—_—— — T ————
12 ———— 12 ———
— == =
" = 1 ===
e ——— ——
8 e 8 e e——
| —— | ———
6 el B e

—_— | . —_— :
-3 2 -1 0 1 2 3 4 5 6 2 -1 0 1 2 3 4 5 6
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Near Field

Real part of u;:
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Non-rectilinear waveguides

Far Field

Physical motivations
Mathematical framework
Numerical simulations

Real part of the far-field

i

A
il

Ciraolo

Profile of the perturbation

Intensity of the far-field




Physical motivations
Non-rectilinear waveguides Mathematical framework
Numerical simulations

Coupling between guided modes

uo up +eup
z N ———
| -
z = ==
= = =
= | (= ==
= e~ ——
= = E 3
Details of the guided part of uy:
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3-D: Behaviour of the solutions

Behaviour of the solutions in r =0

Lemma. Let g € L*°(0,00). For m fixed, there exists a base of
solutions j,(r, A) and ym(r, A) of

W N—q() - w=0,r>0,0eC,meZ (2
such that
i dm(nA) ; im(r:A) —
Jimy S = 1 imy e = 1
and
1 ym(r’A) — 1 yrln(rz)‘) — 1
rI'L% ez = 1, rI'L% (CImlt1/2) rm=172 = 1, if Im| > 1,
o (rA) (rA)
s ym(rA) . yh(r,A) . _
ATy vemr =L ey = B fm=0

Furthermore the functions j,(r, A) and j/,(r, \) are analytical in
for r fixed.
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3-D: Behaviour of the solutions

Behaviour of the solutions as r — oo

If r € [R,+00), equation (2) is

2 —1/4
W”—F{)\—dz—mrz/}W:O.

Solutions are linear combinations of

VIHD (X = d?), JIHP (rV/A — d?),

where H() and H®) are Hankel's functions.

We look for C! and bounded solutions

e A < d? w(r,\)/\/r vanishes exponentially;
e A >d% w(r,\)/\/r oscillates and decays slowly.
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Classification of the solutions

Classification of solutions

The modes corresponds to the bounded solutions of (2)

As in the 2-D case we find the following classification:
e guided: for 0 < \ < d?
e radiation: for d°> < A < n3k>.

e evanescent: for A\ > n3k>.

Giulio Ciraolo Non-rectilinear optical waveguides



Titchmarsh theory

Eigenvalues problems for singular differential operators.
Titchmarsh 1946.

Let w1(r, /) and @a(r, ) be the solution of
—(P(x)y) + Qx)y =1ly, 1€C,

with p absolutely continuous and @ locally integrable, which
verifies the conditions:

@I(Rﬂl):()? (pll(RJ):_l?
ea(R, 1) =1, o(R, 1) = 0.
Let g € L?(0,00) and
) = [erlr Mgl dr, T2 = [ealr Neg(r) o
0 0
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Titchmarsh theory

There exist £(A),n(\) and ¢(A), A € R, such that the following
formulas hold:

Inversion transform formula

g() = [ {ea(r NNa(3) ) + pa(r, N2 (3) d()
+ea(r, M1 N) 4 + (7, T2 4OV}

Parseval indentity

[ erar= 1 [ {rvas)

+2M(AF2(N)dn(X) + F2(A)d¢(A)}-

Giulio Ciraolo Non-rectilinear optical waveguides



Titchmarsh theory

Titchmarsh theory in our case

In the case of (2), it is possible to find a positive measure xm(A)
which simplifies the previous formulas. In particular, if we define
o

6n(N) = [ il Ng(r)
0
then Vg € L?(0,00) we have the following inverse transform

formula
o0

g() =+ [ dnlr: NGnlX) dxn()

—0o0

and Parseval identity

/ g(x)2dx = % 70 Gm(A)2dxm(N).
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Titchmarsh theory

Properties of x ()

® Xm(A) =0 for A <0.
@ For A\ € (0,d?], xm is piecewise constant, with discontinuities
at exactly those \X for which
Jm(+, AK) € 12(0,00) N CY(0, 00). The jumps:
Xm(Am +0) = Xm(Am = 0)

_ ™
G AT

Giulio Ciraolo Non-rectilinear optical waveguides



Titchmarsh theory

Properties of x ()

® Xm(A) =0 for A <0.
@ For A\ € (0,d?], xm is piecewise constant, with discontinuities

at exactly those \X for which
Jm(+, AK) € 12(0,00) N CY(0, 00). The jumps:

Xm(Af +0) = Xm(Ak, — 0)

_ ™
G AT

o For A > d?, let cy()\) and diy()\) be such that for r > R
Jm(rs A) = em(A)Vrdm (VA = d? r)+dm(A)VrYm (VA —d?r)

(Jm and Y, are Bessel's functions). Then:

_T aA
C 2em(A)2 4 dm(N)?

de()‘)
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3-D Green’s formula

Resolution formula

wr0.2)= [ [ [ 600,200,000, Chpdpdpdc,
—oo 0 ™

where

G(r,p;9,t;2,() =

+o0 ilz—C[y/k2n2—X
o
€ im(9—t) -

1 1 /
s | """
N N TN T

rp>0 —r <9 t<m z,(€ER.

(p7 )\)jm(ru >\) de(A)7

We found a solution of the Helmholtz equation as a superposition
of guided (0 < A < d?), radiation (d? < A < k?n3) and evanescent
(A > k2n2) modes.
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